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Critical behavior of a programmable time-crystal lattice gas
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Time crystals are many-body systems whose ground state spontaneously breaks time-translation symmetry
and thus exhibits long-range spatiotemporal order and robust periodic motion. Using hydrodynamics, we have
recently shown how an m-th-order external packing field coupled to density fluctuations in driven diffusive
fluids can induce the spontaneous emergence of time-crystalline order in the form of m rotating condensates,
which can be further controlled and modulated. Here, we analyze this phenomenon at the microscopic level in a
paradigmatic model of particle diffusion under exclusion interactions, a generalization of the weakly asymmetric
simple exclusion process with a configuration-dependent field called the time-crystal lattice gas. Using extensive
Monte Carlo simulations, we characterize the nonequilibrium phase transition to these complex time-crystal
phases for different values of m, including the order parameter, the susceptibility, and the Binder cumulant,
from which we measure the critical exponents, which turn out to be within the Kuramoto universality class for
oscillator synchronization. We also elucidate the condensate density profiles and velocities, confirming along the
way a scaling property predicted for the higher-order condensate shapes in terms of first-order ones, discussing
also some possibilities for this promising route to time crystals.
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I. INTRODUCTION

A time crystal [1,2] is a many-body system where time-
translation symmetry is spontaneously broken. This leads to
a continuous and robust oscillatory behavior over time in the
ground state [3–7]. While breaking symmetries is common
in nature, as seen in many spontaneous symmetry-breaking
phenomena [8], time-translation symmetry was once thought
to be unbreakable. However, recent progress has shown that
both continuous and discrete time-translation symmetries can
indeed be broken, resulting in continuous and discrete time
crystals, respectively.

In quantum systems, continuous time crystals are forbid-
den in equilibrium short-range systems due to various no-go
theorems [9–12]. These limitations are overcome in nonequi-
librium dissipative settings, which allow for the formation
of continuous time crystals [13–17]. Such a continuous time
crystal was recently observed experimentally in an atom-
cavity system [18]. Discrete time crystals, on the other hand,
can appear as a subharmonic response to periodic (Floquet)
driving. These have been theoretically predicted [19–29] and
experimentally observed in isolated [30–38] and dissipative
[39,40] systems.

Classical systems can also exhibit time-crystalline or-
der [41,42]. For instance, discrete time crystal phases have
been predicted in a periodically driven two-dimensional
(2D) Ising model [43] and in a one-dimensional (1D) sys-
tem of coupled nonlinear pendula at finite temperature
[44], with experimental demonstrations in a classical net-
work of dissipative parametric resonators [45]. A continuous
time crystal has been observed in a classical 2D array
of plasmonic metamolecules, displaying superradiant-like
transmissivity oscillations [46]. Despite these advances, a

comprehensive approach to creating programmable time-
crystal phases remains elusive.

In a recent work inspired by the rare event statistics of some
driven diffusive systems [47,48], we uncovered a mechanism
to build time-crystal phases based on the concept of packing
field. Indeed, when conditioned to sustain a time-averaged
particle current well below its typical value, some interacting
particle systems exhibit a dynamical phase transition to a
traveling wave phase [49–56]. The distinguishing feature of
this nonequilibrium phase is the emergence of a particle con-
densate that moves in a periodic fashion, hindering the overall
particles’ motion and thus increasing the probability of the
associated current fluctuation. It can be shown that this phase
shares the properties of a time crystal, as it displays robust,
coherent periodic motion and long-range spatiotemporal order
despite the stochasticity of the underlying dynamics, thus
breaking the continuous time-translation symmetry present in
the system [47,48].

Interestingly, these rare fluctuations can be made typical
using the Doob’s transform as a tool [57–64], which provides
the physical dynamics responsible for a given fluctuation.
A detailed analysis of such underlying dynamics shows that
the mechanism which triggers the instability leading to the
time crystal dynamical phase can be interpreted as an ex-
ternal packing field that pushes particles that lag behind the
emergent condensate’s center of mass while restraining those
moving ahead, see left column in Fig. 1(c). This amplifies nat-
urally occurring fluctuations of the particles’ spatial packing, a
nonlinear feedback mechanism that eventually leads to a time
crystal. These ideas motivated the introduction of a model,
the time-crystal lattice gas (TCLG) [47], which implements
a controllable external packing field and exhibits the funda-
mental properties of the previous dynamical phase transition
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FIG. 1. The packing-field mechanism. (a) A stochastic particle
fluid in the presence of a constant driving field ε sustains a net current
of particles with a homogeneous density structure on average, subject
to small density fluctuations. (b) By switching on an m-th-order
packing field E (m) with a coupling λ beyond a critical value λc, an
instability is triggered to a complex time-crystal phase characterized
by the emergence of m rotating particle consensates with a velocity
controlled by the driving field. (c) Sketch showing the working
of the packing field E (m) for different packing orders m = 1, 2, 3.
The top row shows possible condensate configurations for varying
m, together with the corresponding packing order parameter zm =
|zm|eiϕm (orange vector). Its magnitude |zm| measures the amount
of particle packing around the m emergent localization centers lo-
cated at angular positions φ ( j)

m = (ϕm + 2π j)/m (see green arrows),
with j ∈ [0, m − 1], i.e., the arguments of ( m

√
zm ) j = m

√
zmei2π j/m.

The red, external arrows in the top panels signal the local direction
of the packing field, which hinders particle motion ahead of each
localization point and pushes particles lagging behind, promoting,
in this way, particle packing. The bottom panels display the value
of the packing field as a function of the angular position along the
ring, while the green dashed lines mark the emergent localization
centers at φ ( j)

m .

in its steady state behavior. In particular, the TCLG displays
a (steady-state) continuous phase transition to a time-crystal
phase for a sufficiently strong packing field.

Mathematically, the action of the packing field can be seen
as a controlled excitation of the first Fourier mode of the
density field around the instantaneous center-of-mass position
[47]. A natural question then concerns the system response
to the excitation of higher, m-th-order modes (with m > 1).
We have recently demonstrated using hydrodynamics and a
local stability analysis [65] that this excitation mechanism
opens the door to fully programmable continuous time-crystal
phases in driven diffusive fluids, characterized by an arbitrary

number m of rotating condensates, see Fig. 1, which can be
further enhanced with higher-order modes. In particular, hy-
drodynamics allows the derivation of general properties of the
condensates’ density profiles and velocities, as well as a scal-
ing property of higher-order traveling condensates in terms
of first-order ones. These findings were illustrated in [65] for
several paradigmatic driven diffusive systems [66–72], where
programmable time-crystal phases were demonstrated and
characterized in all cases, finding along the way an explosive
time-crystal phase transition, i.e., a discontinuous transition
to a time-crystal phase, for certain nonlinear transport co-
efficients. Programmable in this context means that we can
control on demand the number, shape, and velocity of the
emerging condensates. In this way, these results demonstrate
the utility and rich possibilities of this promising route to time
crystals, which may serve as a robust platform to engineer
these complex nonequilibrium phases of matter and study how
to exploit them at the technological level.

In this work, we analyze this phenomenon at the mi-
croscopic level in a paradigmatic model of particle diffu-
sion under exclusion interactions, a generalization of the
weakly asymmetric simple exclusion process [68,69] with a
configuration-dependent field called the time-crystal lattice
gas (TCLG) [47]. Using extensive Monte Carlo simula-
tions, we characterize the nonequilibrium phase transition
to these complex time-crystal phases for different values
of the packing-field order m. In particular, we measure the
order parameter in each case, the susceptibility, and the
Binder cumulant, comparing with the hydrodynamic pre-
dictions whenever possible. We also determine the critical
exponents for these time-crystal phase transitions, which turn
out to be within the Kuramoto universality class that charac-
terizes the synchronization of oscillators, independently of the
packing order m. We also characterize the condensates’ den-
sity profiles and velocities, confirming the mentioned scaling
property predicted for the higher-order condensate shapes in
terms of first-order ones.

The paper is structured as follows. In Sec. II, we define
the TCLG model, discussing in detail the workings of the
generalized packing-field mechanism, introduced in [65] at
the hydrodynamic level. We also discuss in this section the
hydrodynamic equations describing this model and their pre-
dictions, including the local stability of the homogeneous
solution, which can be used to determine the critical threshold
for the time-crystal phase transition to occur. Section III is
devoted to the microscopic characterization of the observed
phase transition via extensive Monte Carlo simulations of the
TCLG model for different packing orders m. In particular, we
fully validate the hydrodynamic predictions [65], character-
izing the underlying phase transitions and their universality
class. We also analyze the dependence of the condensates’
density profiles on the model parameters, as well as their
velocities. In addition, we exemplify the versatility of the
packing-field route to engineer and control complex time-
crystal phases by showing possible time-dependent modulated
protocols that allow mixing and coexistence of multiple
time-crystalline matter waves. Finally, we end the paper
with a discussion of the results and the possible new av-
enues of research to exploit the packing-field route to time
crystals.
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II. THE PACKING-FIELD ROUTE TO TIME CRYSTALS

We hence consider a stochastic lattice gas with N particles
moving on a one-dimensional (1D) periodic ring with L � N
lattice sites, so that the global density is ρ0 ≡ N/L � 1. Each
lattice site k ∈ [1, L] might be either empty (occupation num-
ber nk = 0) or occupied by one particle at most (nk = 1),
defining a system configuration n ≡ {nk, k ∈ [1, L]}. A par-
ticle at site k can jump randomly to an empty neighboring site
in the clockwise (−) or anti-clockwise (+) direction with rates
p±

k (n) = 1
2 e±Ek (n)/L, with Ek (n) an external field that may

depend on the particular site k and the corresponding system
configuration n. Following the ideas introduced in [47,65] and
discussed above, the TCLG is characterized by an external
field with two components, Ek (n) = ε + λE (m)

k (n). Here, ε is
a constant driving field pushing the particles homogeneously
in a given direction, while λ � 0 is the coupling to an m-th-
order packing field E (m)

k (n) defined as

E (m)
k (n) = |zm| sin

(
ϕm − 2πmk

L

)
, (1)

with 2πk/L = θk being the particles’ angular positions, and
zm(n) the complex m-th-order packing order parameter, also
known as the Kuramoto-Daido parameter in synchronization
literature [73–77],

zm(n) = 1

N

L∑
k′=1

nk′ei2πmk′/L ≡ |zm|eiϕm , (2)

with magnitude |zm| and argument ϕm, which sets the angular
position of the first condensate (given by ϕm/m), as we shall
explain below. The constant driving ε gives rise to a net
particle current in the desired direction, and as we will see be-
low, controls the velocity of the resulting particle condensates
and the asymmetry of the associated density waves. On the
other hand, the packing field E (m)

k (n) pushes particles locally
toward m emergent localization centers where particles are
most clustered, with an amplitude proportional to the instan-
taneous magnitude of the packing order parameter |zm| and
the coupling constant λ. The angular position along the 1D
ring of the m emergent localization centers is given by φ

( j)
m =

(ϕm + 2π j)/m, with j ∈ [0, m − 1], i.e., the arguments of the
m roots of the complex m-th-order packing order parameter,
( m
√

zm) j = m
√

zmei2π j/m, as illustrated in Fig. 1(c).
The packing-field mechanism works by restraining the mo-

tion of particles ahead of the closest localization center, i.e.,
for nearby lattice sites k where E (m)

k (n) < 0, see Eq. (1), while
pushing particles lagging behind this point (where E (m)

k (n) >

0), see Fig. 1. The strength of the packing mechanism is pro-
portional to the coupling constant λ and the magnitude |zm| of
the packing order parameter, which measures the concentra-
tion of particles around the emergent localization centers. For
large-enough values of λ, the packing field leads to a nonlinear
feedback mechanism, which amplifies the density fluctuations
naturally present in the system, eventually resulting in a phase
transition to a time-crystal phase, exhibiting the fingerprints
of spontaneous time-translation symmetry breaking [47,65].
Interestingly, the packing field can also be expressed as a long-
range pairwise interaction between all particles. Indeed, by
expanding the value of zm, and using some basic trigonometric

identities, it is easy to show that [47,65]

E (m)
k (n) = 1

N

L∑
k′=1

nk′ sin

[
2πm

(
k′ − k

L

)]
. (3)

This field is thus reminiscent of a generalized Kuramoto-like
long-range interaction term, stressing the mathematical link
between the TCLG and the Kuramoto model of oscillator
synchronization [73,74,76,77]. It is important to bear in mind,
however, that this connection is only formal, as the Kuramoto
model for oscillators lacks any particle transport in real space,
while we are dealing with a 1D driven fluid. An additional key
difference is the presence of particle exclusion interactions
in the TCLG, which becomes apparent in its hydrodynamic
transport coefficients and plays an important role in under-
standing the time-crystal phase transition, while it is absent in
synchronization models.

The evolution of the TCLG model here introduced is
described at the microscopic level by a Markovian master
equation for the probability of a configuration n at time
t [47,65]. In the macroscopic limit L → ∞, using a lo-
cal equilibrium ansatz and performing a diffusive scaling of
space (x = k/L ∈ [0, 1]) and time (t = τ/L2, with τ being
the microscopic time), one can show that the model is char-
acterized by a density field ρ(x, t ), with 0 � ρ � 1, which
evolves according to the usual hydrodynamic equation in one-
dimensional driven-diffusive systems [51,60,66,78,79]

∂tρ = −∂x[−D(ρ)∂xρ + σ (ρ)Ex[ρ]], (4)

with periodic boundary conditions. In the TCLG model, the
diffusion coefficient is constant, D(ρ) = 1/2, and the mobil-
ity is given by σ (ρ) = ρ(1 − ρ). As expected, the external
field depends on the whole density profile and takes the
form Ex[ρ] = ε + λE (m)

x [ρ], with a constant driving field ε

and a macroscopic packing field now given by E (m)
x [ρ] =

|zm| sin(ϕm − 2πxm), and written in terms of the macroscopic
m-th-order packing order parameter

zm[ρ] = 1

ρ0

∫ 1

0
dxρ(x, t )ei2πmx ≡ |zm|eiϕm , (5)

where ρ0 = ∫ 1
0 dx ρ(x, t ) is the (constant) global density of

the system.
Interestingly, the homogeneous density profile ρ(x, t ) =

ρ0 is always a solution of Eq. (4). Perturbing this homoge-
neous profile and studying the linear stability of the solution
under this perturbation, we can determine the critical thresh-
old λ(m)

c for the time-crystal transition to occur [47,65],

λ(m)
c = 4πm

D(ρ0)ρ0

σ (ρ0)
= 2πm

1 − ρ0
. (6)

In this way, we expect the homogeneous density solution
ρ(x, t ) = ρ0 to become unstable for λ > λ(m)

c , leading to
a density field solution with more complex spatiotemporal
structure. This will be confirmed in Sec. III below through
Monte Carlo simulations of the stochastic microscopic model.

The form of the resulting perturbation beyond the insta-
bility is compatible with the emergence of m traveling-wave
condensates, ρ(x, t ) = ρm(ωmt − 2πmx), moving periodi-
cally with an angular velocity ωm. This instability breaks
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FIG. 2. Density field across the phase transition. Measured density profiles for packing orders m = 1 (left column), m = 2 (central column),
and m = 3 (right column), as obtained from Monte Carlo simulations of the TCLG for ρ0 = 1/3, driving field ε = 2.5m, and different values of
L (see legend). Panels (a)–(c) show data obtained for packing-field coupling λ = 0, corresponding to the homogeneous density phase, panels
(d)–(f) display measurements right above the critical point λ(m)

c , and panels (g)–(i) show data deep inside the time-crystal phase. Full lines
correspond to hydrodynamic predictions in all cases, showing an excellent agreement.

spontaneously the time-translation symmetry of the homoge-
neous solution, thus giving rise to a continuous time crystal
[1–7,47,65]. Note that the value of λ(m)

c increases with m,
see Eq. (6), meaning that a stronger packing field is needed
as m increases to compete against diffusion, which tends to
destroy the m emergent condensates [65]. Right above the in-
stability (λ � λ(m)

c ), the condensates’ velocity can be shown to
be ωm = 2πmσ ′(ρ0)ε [65]. For the TCLG σ ′(ρ0) = 1 − 2ρ0,
and the sign of the condensate velocity ωm thus depends on
the initial global density and changes across ρ0 = 1/2 due to
particle-hole symmetry of the model: a particle condensate
moving anticlockwise for ρ0 > 1/2 can be seen as a hole
condensate moving clockwise, and vice versa.

On the other hand, using the current field j(x, t ) ≡
−D(ρ)∂xρ + σ (ρ)Ex[ρ], see Eq. (4), the excess of the av-
erage current J = τ−1

∫ τ

0 dt
∫ 1

0 dx j(x, t ) with respect to
the homogeneous-phase average current J0 = σ (ρ0)ε can be
shown to be J − J0 ∝ σ ′′(ρ0)ε right after the instability [65].
In this way, the particle current will be larger or smaller
than the homogeneous-phase flow depending on the mobil-
ity curvature for density ρ0. This highlights the relevance of
transport coefficients in the system’s response to the packing
field, which enhances or lowers the current and the wave ve-
locity depending on the mobility derivatives. For the particular
case of the TCLG, where σ ′′(ρ0) = −2 < 0, we thus expect
a negative excess current (J < J0), compatible with the emer-
gence of condensates that jam particle dynamics [47,52,65].

Finally, we can prove a remarkable scaling property of
the emergent custom time-crystal phase under the traveling-
wave solution ansatz [65]. In particular, it can be shown
that the m-th-order traveling-wave solution of Eq. (4), once
time-translation symmetry is spontaneously broken, can be
built by gluing together m copies of the m = 1 solution

after an appropriate renormalization of driving parameters,
i.e., ρm(ωmt − 2πmx) = ρ1(mω1t − 2πmx). Here, ρ1(ω1t −
2πx) is a traveling-wave solution of Eq. (4) of velocity ω1

for m = 1 and generic driving parameters ε1 and λ1, while
ρm(ωmt − 2πmx) is the corresponding traveling-wave solu-
tion of Eq. (4) of velocity ωm = mω1 for arbitrary m > 1
and driving parameters εm = mε1 and λm = mλ1. This scaling
property, valid for arbitrary nonlinear transport coefficients
[65], enables us to collapse traveling-wave solutions for dif-
ferent orders m and related driving parameters, reducing the
range of possible solutions. We will check this scaling prop-
erty in numerical simulations of the microscopic model below.

Note that the Kuramoto synchronization model exhibits a
similar equivalence at the hydrodynamic level between first-
order and higher-order couplings [80], which can also be
extended to dynamics. This dynamical equivalence cannot be
generalized, however, to the TCLG model due to the nonlinear
character of the mobility transport coefficient, related to the
underlying particle exclusion interaction.

III. MONTE CARLO SIMULATIONS OF THE TIME
CRYSTAL LATTICE GAS

We proceed now to verify the forecasted instability and the
different hydrodynamic predictions in Monte Carlo simula-
tions of the microscopic TCLG model introduced in Sec. II,
comparing with the theoretical results obtained from the
numerical integration of the hydrodynamic evolution equa-
tion (4) whenever possible. In particular, we performed
standard discrete-time random-sequential Monte Carlo sim-
ulations [81–84] of the TCLG, where at each step a particle
is chosen at random and attempts a biased hop to the right
with probability p+

k (n)/(p+
k (n) + p−

k (n)) or to the left with
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FIG. 3. Characterizing the phase transition. Monte Carlo results for the order parameter 〈|zm|〉 [panels (a)–(c)], its scaled fluctuations
〈
|zm|2〉 = L(〈|zm|2〉 − 〈|zm|〉2) [panels (d)–(f)], and the Binder cumulant U4 [panels (g)–(i)], for the TCLG model as a function of the packing-
field coupling λ and measured for packing orders m = 1 (left column), m = 2 (central column), and m = 3 (right column), global density
ρ0 = 1/3, driving field εm = 2.5m, and different values of L (see legend). The red dashed lines in panels (a)–(c) correspond to the hydrodynamic
theory prediction for 〈|zm|〉(λ), while the vertical dashed lines in all panels signal the predicted critical point λ(m)

c , see Eq. (6). The solid curves
correspond to steady-state time averages of the microscopic simulations.

probability p−
k (n)/(p+

k (n) + p−
k (n)), taking into account the

exclusion rule. These simulations were carried out at a con-
stant global density ρ0 = 1/3 and varying values of L ∈
[480, 2880], so as to perform a detailed finite-size scaling
analysis of the phase transition. Unless otherwise specified,
we will work with a fixed driving field εm = 2.5m for each
packing order m. This scaling of the driving field with m
will allow us to compare condensate profiles for different
values of m, as predicted by the hydrodynamic theory. We
will, however, permit variations in εm later in this section, in
order to explore the effect of the driving field on the resulting
particle condensates.

The phase transition is most evident at the configurational
level, so we measured the average particle density profiles
along the 1D ring for different values of the packing field
coupling λ across the predicted critical point λ(m)

c , see Eq. (6),
different packing orders m = 1, 2, 3, and varying L, see
Fig. 2. Due to the system periodicity, and in order not to
blur away the possible structure of the density field, we per-
formed profile averages only after shifting the argument of the
instantaneous packing order parameter to x = 1/2. Note that
this procedure leads to a spurious weak structure even in the
homogeneous density phase (λ < λ(m)

c ) due to the fluctuations
of the particles’ packing [85], see Figs. 2(a)–2(c), equivalent
to averaging noisy homogeneous density profiles around their
(random) center of mass. On the other hand, supercritical

(λ > λ(m)
c ) density fields exhibit a much more pronounced

structure resulting from the appearance of traveling particle
condensates. In this way, Figs. 2(a)–2(c) thus confirm that
before the critical point (λ < λ(m)

c ), density profiles remain
homogeneous despite the system sustaining a net particle
current in the direction of the driving field. However, as the
packing-field coupling λ is increased beyond the predicted
critical value λ(m)

c , see Eq. (6), a collection of m equivalent
particle condensates emerges. These condensates travel along
the 1D lattice ring with an approximately constant speed, with
weak velocity fluctuations vanishing in the L → ∞ limit. The
emergent matter waves become more prominent and compact
as the coupling λ increases, see Figs. 2(g)–2(i). Interestingly,
the density profiles of the condensates are slightly asymmetric
in shape, and this asymmetry increases and becomes more
noticeable as λ grows. We will further discuss this asymmetry
below, and the role of the constant driving field in its control.
Notice also that, in all cases studied, there is a remarkable
agreement between the predictions of the hydrodynamic the-
ory for the density profile and the simulation results of the
TCLG, see Fig. 2, even for relatively small lattice sizes.

The numerical solution of the integro-differential equa-
tion (4) under the traveling-wave ansatz is challenging despite
the simplifying character of this assumption, as the system pe-
riodicity leads to a two-point boundary value problem which
depends on the integrals of the solution. To overcome this

044135-5



R. HURTADO-GUTIÉRREZ et al. PHYSICAL REVIEW E 112, 044135 (2025)

issue, we start from Eq. (4) and use a traveling-wave ansatz
ρ(x, t ) = ρm(ωmt − 2πmx) to obtain an ordinary differential
equation (ODE) for ρm(y), with y = ωmt − 2πmx, that can be
integrated once to arrive at the following first-order ODE [65]:

ωmρm(y) = 2π{D(ρm)2πρ ′
m(y)

+ σ (ρm)[ε + λ|zm| sin(my)]} + C, (7)

with C an integration constant, and where we have cho-
sen ϕm(t = 0) = 0 without loss of generality. Taking |zm|
as a free parameter, the previous equation then turns
into a standard ODE with parameters |zm|, ωm, and C.
This equation can be solved self-consistently using ini-
tial ansatzs for |zm|, ρm(0), ωm, and C, which can then be
refined and improved until convergence is achieved, tak-
ing into account the system periodicity ρm(0) = ρm(2π )
and the integral constraints ρ0 = ∫ 1

0 dxρm(−2πx) and zm =∫ 1
0 dxρm(−2πx)ei2πxm. In practice, the convergence of the

numerical solution was faster when (i) the initial condition
for the density field was obtained from a rough simulation of
the full hydrodynamic equation (4), and (ii) for each proposal
for |zm|, ρm(0) and ωm, we chose C independently to fix the
boundary conditions. This approach is indeed similar to the
shooting method [86] used to solve two-point boundary value
problems. See the Appendixes in [65] for more details. As
discussed in the previous section, a good order parameter
for the reported phase transition is the average magnitude of
the packing order parameter, 〈|zm|〉, which is a measure of
the particles’ condensation around the m emergent localiza-
tion centers. Figures 3(a)–3(c) show the measured 〈|zm|〉 as
a function of the packing-field coupling λ for ρ0 = 1/3, m =
1, 2, 3 and different system sizes L. As expected, the order
parameter remains small for λ < λ(m)

c , approaching zero in
the thermodynamic L → ∞ limit. However, upon crossing
λ(m)

c , the value of 〈|zm|〉 increases sharply but in a continuous
way, a behavior typical of second-order continuous phase
transitions. Remarkably, the measured 〈|zm|〉(λ) agrees nicely
with the hydrodynamic predictions for the order parameter
∀m even for moderate system sizes, see red dashed line in
Figs. 3(a)–3(c). We also measured the susceptibility across
the transition as captured by the order parameter scaled fluc-
tuations, 〈
|zm|2〉 ≡ L(〈|zm|2〉 − 〈|zm|〉2), see Figs. 3(d)–3(f).
The susceptibility 〈
|zm|2〉 exhibits a steep peak around λ(m)

c ,
the sharper the larger the system size L, strongly suggest-
ing a divergence of the scaled order parameter fluctuations
at the critical point λ(m)

c in the thermodynamic limit, as
expected for a continuous phase transition. Note that, for
each L, the finite-size peak in 〈
|zm|2〉 is always located
slightly after the critical point, λ∗ � λ(m)

c , an observation in
contrast with the behavior reported in the Kuramoto model
of synchronization [87,88] and most probably related to the
particle exclusion interactions that characterize the TCLG
model. In order to determine the critical packing-field cou-
pling λ(m)

c from simulations, we also measured the Binder
cumulant U4 = 1 − 〈|zm|4〉/(3〈|zm|2〉2) as a function of λ [84],
see Figs. 3(g)–3(i). It is well known that, due to the finite-
size scaling properties of this observable, the curves U4(λ)
measured for different values of L should cross at an L-
independent value of λ that identifies the infinite-size critical
point λ(m)

c . This is indeed clearly observed in Figs. 3(g)–3(i),

FIG. 4. Rigidity of the time-crystal phase. Panels (a)–(c) show
the oscillations of the average density at a given lattice site,
〈ρ(x0, t )〉, for packing orders m = 1, 2, 3, respectively, parame-
ters εm = 2.5m and λ = 2λ(m)

c , and for different lattice sizes L =
240, 480, 960, 1920, 2880 (plotted in increasing color intensity).
Note that the amplitude of oscillations is damped in time for finite
lattice sizes. The black dashed line shows the hydrodynamic solution
in each case, while the gray dash-dotted line displays the exponential
envelope of the L = 240 curves. Panel (d) displays the measured
damping rate γL of the oscillations as a function of 1/L, showing
how it vanishes in the macroscopic limit, a signature of the rigidity
of the resulting time-crystal phases in this limit. Panel (e) illustrates
the convergence of the measured (finite-size) angular speed ωm of
the traveling wave to the hydrodynamic prediction, shown as a black
horizontal dashed line. In all cases, error bars are not shown because
they are smaller than the markers. For all choices of the parame-
ters, results were obtained from averaging at least 1000 runs of the
simulations.

where we can also verify that these measured critical packing-
field couplings agree remarkably well with the hydrodynamic
predictions for λ(m)

c ∀m (vertical dashed lines), obtained from
a local stability analysis of the homogeneous density solution,
see Eq. (6).

Interestingly, if we monitor the average density at a given
point along the ring, e.g., 〈ρ(x0, t )〉, we find persistent os-
cillations as a function of time for any packing order m,
see Fig. 4, a universal signature of time-crystalline order
[1–7,9–11,13,19–23,26,30,31,43,44,89–95]. These oscilla-
tions are characterized by a period 2πω−1

m in the diffusive
scale, with ωm the condensates’ average velocity. However,
for any finite system size L, the oscillation amplitude is clearly
damped in time, see Fig. 4, with a damping rate γL that can be
obtained from an exponential fit to the envelope of 〈ρ(x0, t )〉
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FIG. 5. Data collapses around the critical region. Scaling plots for the order parameter 〈|zm|〉 (top row), the susceptibility 〈
|zm|2〉 (middle
row), and the Binder cumulant U4 (bottom row), using all data shown in Fig. 3 (corresponding to ρ0 = 1/3, L ∈ [480, 2880], m = 1, 2, 3
and ε(m) = 2.5m) and the critical exponents ν = 2, γ = 1, β = 1/2 corresponding to the (mean field) Kuramoto universality class. Vertical
dashed lines signal the critical point.

for each L, see dot-dashed lines in Figs. 4(a)–4(c). In any case,
the measured γL decays to zero for each m in the thermody-
namic L → ∞ limit, see Fig. 4(d), meaning that the observed
local density oscillations converge toward the hydrodynamic
(undamped) periodic prediction in this limit [dashed line in
Figs. 4(a)–4(c)]. This observation clearly signals the rigidity
of the long-range spatiotemporal order emerging in the ob-
served programmable time-crystal phases. We also measured
the condensate speed ωm for different packing orders m as a
function of 1/L, see Fig. 4(e), finding a remarkable agreement
with the hydrodynamic predictions in the large system size
limit L → ∞.

In order to determine the critical exponents characterizing
the universality class of the observed phase transitions to these
programmable time-crystal phases, we performed extensive
measurements around the critical region in our Monte Carlo
simulations. Due to the scale invariance underlying any con-
tinuous phase transitions, the relevant observables near the
critical point are expected to be homogeneous functions of the
two length scales characterizing the problem at hand, namely
the correlation length ξ and the system size L [8,84]. This
immediately implies the following scaling relations near the
critical point:

|zm|(λ, L) = L−β/νF[(1 − λ/λ(m)
c )L1/ν],


|zm|2(λ, L) = Lγ /νG[(1 − λ/λ(m)
c )L1/ν],

U4(λ, L) = H[(1 − λ/λ(m)
c )L1/ν],

where β, γ , and ν are the critical exponents characterizing
the power-law behavior of the order parameter, the suscep-
tibility, and the correlation length, respectively. The functions
F (ζ ),G(ζ ), and H(ζ ) are the corresponding master curves
or scaling functions characterizing the underlying universal-

ity class. These scaling relations are tested for the TCLG
model in Fig. 5. In particular, the best data collapses for
the order parameter 〈|zm|〉, the susceptibility 〈
|zm|2〉, and
the Binder cumulant U4 are obtained when using the mean-
field exponents β = 1/2, γ = 1, and ν = 2. These exponents
characterize the universality class of the Kuramoto synchro-
nization transition [76]. All scaling plots display a remarkable
collapse for different lattice sizes. Note, however, that, while
the collapse for the susceptibility is excellent for λ < λ(m)

c , it
falls off slightly for λ > λ(m)

c , an asymmetric scaling behav-
ior reminiscent of that already observed in some models of
synchronization [88]. Interestingly, our results thus strongly
suggest that the universal scaling properties around the transi-
tion to these programmable time-crystal phases (which breaks
continuous time-translation symmetry) do not depend on the
number m of emergent particle condensates induced by the
packing field or other details of the driving mechanism. In-
deed, the scaling curves for different m also collapse on top of
each other, see Fig. 5.

The question remains as to whether the shape of the emer-
gent particle condensates in the time-crystal phase is also
independent of the packing order m after some renormaliza-
tion of parameters, as it is indeed predicted by hydrodynamics,
see Eqs. (4)–(6). In particular, the prediction is that the m-th-
order traveling-wave solution of Eq. (4), once time-translation
symmetry is spontaneously broken, corresponds to m copies
of the m = 1 solution after an appropriate renormalization
of driving parameters. This means that ρm(ωmt − 2πmx) =
ρ1(mω1t − 2πmx), where ρ1(ω1t − 2πx) is a traveling-wave
solution of Eq. (4) of velocity ω1 for m = 1 and generic
driving parameters ε1 and λ1, while ρm(ωmt − 2πmx) is the
corresponding traveling-wave solution of Eq. (4) of velocity
ωm = mω1 for arbitrary m > 1 and driving parameters εm =
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FIG. 6. Invariance of condensate profiles. Collapse of the mea-
sured condensate density profiles for different packing orders m =
1, 2, 3, for λ = 1.03λ(m)

c (top panel) and λ = 2λ(m)
c (bottom panel).

The different markers correspond to simulation results with L =
1920 and various m, while the dashed line corresponds to the scaled
hydrodynamic solution. The driving field for each packing order is
ε = 2.5m and the global density is ρ0 = 1/3.

mε1 and λm = mλ1. To address this question in simulations,
we measured in detail the density profiles for different values
of λ > λ(m)

c deep into the time-crystal phase for m = 1, 2, 3
and parameters ε and λ scaled as described above, see Fig. 6.
In agreement with the hydrodynamic theory, the measured
condensate profiles match and collapse neatly on top of
each other, ρm(x) = ρ1(mx), once the spatial coordinate x is
stretched by the corresponding packing order m. Moreover,
the collapsed shape agrees accurately with the hydrodynamic
curve predicted by the traveling-wave solution, see dashed
lines in Fig. 6.

An interesting trait of condensate profiles deep into the
time-crystal phase is their spatial asymmetry, which reflects
the nonlinear transport properties of the model. This is al-
ready apparent in Figs. 2(g)–2(i) and Fig. 6(b). Indeed, for
the TCLG, the particle current in the time-crystal phase is
lower than in the homogeneous phase due to the exclusion
interaction (i.e., negative excess current, J < J0, see Sec. II),
meaning that the emergence of condensates jams dynamics on
average. This jamming gives rise in turn to a sharp particle
accumulation at the rear tail of the condensate, while the
condensate front displays a soft decay. Indeed, the leading
front is smeared out by the action of the driving field because
the density along its line of motion is low, and exclusion plays
little role. On the other hand, the rear tail motion is strongly
hindered by the high density of the particle condensate, thus
leading to the observed asymmetric condensate shape. The
stronger the driving field, the more important this difference
between the leading and rear fronts is, resulting in an increas-

FIG. 7. Condensate asymmetry and velocity. Main: Solution of
the hydrodynamic traveling-wave equation (4) for m = 1, λ = 2λ(1)

c

and driving fields ε = 0, 2, 4, 6, 9, 10. The asymmetry of the con-
densate density profile increases as ε grows. Inset: Traveling-wave
velocity as a function of the driving field ε and several supercritical
couplings λ, as obtained from hydrodynamics.

ing asymmetry. This is fully confirmed in Fig. 7, which shows
the condensate density profiles as obtained from the traveling-
wave solution of the hydrodynamic theory (4) for m = 1, λ >

λ(1)
c and several driving fields ε. For completeness, we also

explore in the inset to Fig. 7 the effect of the driving field on
the condensate velocity, which increases with ε as expected.
Interestingly, this increase in velocity is superlinear for weak
and moderate driving fields (ε � 10), becoming progressively
linear for ε > 10.

IV. DISCUSSION

Continuous time crystals are many-body systems whose
ground state breaks time-translation symmetry, a phenomenon
that leads to robust periodic motion and thus rigid long-range
order in time [1–6]. Recent works [47,65] have introduced a
mechanism to engineer programmable time-crystal phases in
driven diffusive fluids, based on the concept of packing field.
This was inspired by remarkable dynamical phase transitions
observed in the rare transport fluctuations of some nonequi-
librium systems [48,52,53,56,85,96,97]. Such packing field
excites the m-th-order Fourier modes of the density field
around m emergent localization centers, leading eventually to
the spontaneous emergence of time-crystalline order in the
form of m rotating high-density condensates, which can be
further controlled and modulated.

In this work, we have explored at the microscopic level
the broad possibilities of the packing-field route to time
crystals. For that, we have first analyzed the underlying
nonequilibrium phase transition to these custom time-crystal
phases in a paradigmatic model of particle diffusion un-
der exclusion interactions, the time-crystal lattice gas, a
generalization of the weakly asymmetric simple exclusion
process under the action of a configuration-dependent m-th-
order packing field [47,65]. We have carried out extensive
Monte Carlo simulations of the TCLG for different values
of the packing-field order m, measuring the order parameter
in each case, the susceptibility, and the Binder cumulant,
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FIG. 8. Engineering programmable time-crystal phases.
(a) Raster plot illustrating the spatiotemporal dynamics of the
particle configuration in the TCLG model under the influence of a
time-modulated generalized external field Ek,t (n), see Eq. (8), for
ρ0 = 1/3 and ε = 0.5. The system undergoes dynamic transitions
between different numbers of condensates as specific orders
m = 2, 3, 5 are alternately activated or deactivated by modulating
λm(t ) beyond the corresponding critical thresholds λ(m)

c , as depicted
in panel (b). This control protocol results in a periodic, intricate
pattern decorating the particle distribution over time.

and comparing with the hydrodynamic predictions whenever
possible. A finite-size scaling analysis of the results has al-
lowed us to determine the critical points, which fully agree
with those predicted by a hydrodynamic stability analysis,
and the critical exponents (as well as the universal scaling
functions) which characterize the universality class of these
time-crystal phase transitions. These exponents turn out to be
compatible with the Kuramoto universality class that char-
acterizes the synchronization of oscillators, independently of
the packing order m. We also characterize the condensates’
density profiles and velocities, confirming a scaling property
predicted for the higher-order condensate shapes in terms
of first-order ones.

The packing-field mechanism explored at the microscopic
level in this paper is robust and versatile, and allows for
the possibility of engineering custom time-crystal phases
on demand, with multiple rotating condensates [47,65].
These time-crystal phases can be further enhanced with
higher-order matter waves by introducing competing packing
fields modulated in time [65]. As a microscopic proof of
concept, let us consider a generalized external field

Ek,t (n) = ε +
∑

m

λm(t )E (m)
k (n), (8)

where λm(t ) is the time-modulated coupling to the mth-order
packing field E (m)

k (n), see also Eq. (1). Figure 8 displays

a particular trajectory of the TCLG model under such a
time-modulated generalized packing field. In particular, it
shows the spatiotemporal evolution of the TCLG microscopic
particle configuration subject to a generalized external field
which swaps between different numbers of condensates in
time, see Fig. 8(a), by switching on and off different orders
m modulating λm(t ) as in Fig. 8(b). This is just an example,
though one can imagine a myriad of potentially interesting
combinations; see [65] for other decorated time-crystal
phases. This demonstrates the huge potential of the packing-
field route to engineer and control custom time-crystal phases
in stochastic particle systems, opening new avenues of future
research with promising technological applications. The
challenge remains to exploit this route to time crystals in
more complex geometries and higher dimensions.

Further, the packing-field mechanism explored here could
be experimentally tested using colloidal fluids confined
in quasi-1D circular optical traps [98–100] or channels
[101,102]. In particular, optical tweezers [103–108] could be
employed to implement the packing field by dynamically ad-
justing forces based on the system configuration, via feedback
loop protocols. Such experimental setups, already used to
study nonequilibrium phase behavior in colloidal systems, of-
fer a promising platform to realize and probe the time-crystal
phases discussed in this work.
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