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Time crystals are many-body systems that spontaneously break time-translation symmetry, and thus exhibit
long-range spatiotemporal order and robust periodic motion. Recent results have shown that coupling an external
packing field to density fluctuations in driven diffusive fluids can trigger a transition to a time-crystal phase.
Here, we exploit this mechanism to engineer and control on-demand programmable continuous time crystals
characterized by an arbitrary number of rotating condensates, which can be further enhanced with higher-order
modes. We elucidate the underlying critical point, as well as general properties of the condensates’ density
profiles and velocities, demonstrating a scaling property of higher-order traveling condensates in terms of first-
order ones. We illustrate our findings by solving the hydrodynamic equations for various paradigmatic driven
diffusive systems, obtaining along the way a number of remarkable results, e.g., the possibility of explosive
time crystal phases characterized by an abrupt, first-order-type transition. Overall, these results demonstrate the
versatility and broad possibilities of this promising route to time crystals.
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I. INTRODUCTION

The concept of a time crystal, first introduced by Wilczek
and Shapere [1,2], describes many-body systems that sponta-
neously break time-translation symmetry, a phenomenon that
leads to persistent oscillatory behavior and fundamental peri-
odicity in time [3-7]. The fact that a symmetry might appear
broken comes as no surprise in general. Indeed, spontaneous
symmetry-breaking phenomena, where a system ground state
can display fewer symmetries than the associated action, are
common in nature. However, time-translation symmetry had
resisted this picture for a long time, as it seemed fundamen-
tally unbreakable. Progress made over the last decade has
challenged this scenario, showing that both continuous and
discrete time-translation symmetries can be spontaneously
broken, giving rise to the so-called continuous and discrete
time crystals, respectively. In quantum settings, the former are
prohibited in equilibrium short-ranged systems by virtue of a
series of no-go theorems [8—11], which are however circum-
vented in nonequilibrium dissipative contexts allowing for
continuous time crystals [12—17]. On the other hand, quantum
discrete time crystals can emerge as a subharmonic response
to a periodic (Floquet) driving [18-36], while some classical
systems have been also shown to exhibit time-crystalline order
[37-40]. However, a general approach to engineering custom
time-crystal phases remains elusive so far.

In this work, we propose a general mechanism to build pro-
grammable continuous time crystals in driven diffusive fluids,
grounded on hydrodynamics. This universal description of
mesoscopic dynamics captures the physics of a broad family
of systems, making our results widely applicable while adding
a valuable tool to the repertoire of pattern formation control
strategies. An experimental example where our theory would
apply consists of an assembly of dispersed colloidal particles
trapped in a rotating quasi-1d ring periodic optical potential
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[41-43] or channel [44,45]. This periodic channel can be seen
as a 1d ring embedded in a 2d plane, see Fig. 1. Our approach
leverages the concept of packing field [46,47], a mechanism
inspired by the rare event statistics of some driven diffusive
systems [48-58]. This packing field £(6) acts by pushing
particles that lag behind the center of mass of any emergent
particle condensate, while simultaneously restraining those
moving ahead, as sketched in Figs. 1(b)—1(c). This amplifies
naturally occurring fluctuations of the particles’ spatial pack-
ing, a nonlinear feedback mechanism that eventually leads to
a time crystal. From a mathematical perspective, the action
of the packing field can be seen as a controlled excitation of
the first Fourier mode of the density field around the instan-
taneous center of mass position [46,47], see Figs. 1(b)-1(c).
This viewpoint immediately raises the natural question: What
happens if we excite higher-order modes? Here, we show
how this leads to tailored and fully controllable continuous
time-crystal phases in driven diffusive fluids, characterized
by an arbitrary number m of rotating condensates, as dis-
played in Figs. 1(d)-1(e), which can be further enhanced
with higher-order modes. A local stability analysis of the
governing hydrodynamic equations reveals the details of the
transition to these intriguing time-crystal phases, along with
general properties of the condensates’ density profiles and
velocities. Using this hydrodynamic picture, we also demon-
strate a scaling property of higher-order traveling condensates
in terms of first-order ones. We illustrate these findings in
several paradigmatic models, including the random walk fluid
[59], the Kipnis-Marchioro-Presutti heat transport model [60],
the weakly asymmetric simple exclusion process for interact-
ing particle diffusion [61,62], and the Katz-Lebowitz-Spohn
lattice gas [63—66]. Programmable time-crystal phases (i.e.,
with controlled number, shape, and velocity of the emerging
condensates) are demonstrated and characterized in all these
models, finding along the way a explosive time-crystal phase

©2025 American Physical Society
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FIG. 1. (a) Sketch of a 1d driven particle system sustaining a net
current with a homogeneous density structure on average. By switch-
ing on a mth-order packing field £/ (9) with strength A beyond a
critical value [see (c), (¢) and shaded curves in (b), (d)], an instability
is triggered to a time-crystal phase characterized by the emergence of
m rotating particle condensates. The magnitude |z,,| of the complex
packing order parameter indicates the packing of particles around m
emergent localization centers, placed at the argument of (2/z,,);, with
j € [0, m — 1], and represented by the red arrows inside the ring in
(b), (d). The convergent blue arrows around the ring signal the local
direction of the packing field around the m localization centers.

transition, controlled by the nonlinearity of transport coeffi-
cients. Altogether, these results show the versatility and broad
possibilities of this promising route to custom time crystals.

II. THE PACKING-FIELD ROUTE TO TIME CRYSTALS

Our starting point is the hydrodynamic evolution equa-
tion for the density field p(x,?) in a 1d periodic diffusive
system driven by an external field E,[p] [59],

0o = —0[=D(p)drp + o (p)Ex[p]], 9]

with x € [0, 1], and D(p) and o (p) the diffusivity and the mo-
bility transport coefficients, respectively. The colloidal fluid
example mentioned above is a particular instance of a system
governed by this type of transport equation, with 6 = 2 x the
angular position in the 1d ring embedded in a 2d plane. The
external field takes the form E,[p] = € + AE"™[p], where €
is a constant driving that leads to a net current and A is the
coupling constant to an m-th order packing field £M[p] [46].
As discussed above, this packing field excites the m-th Fourier
mode of the density field, i.e.,

1 1
£Mip] = - / dy p(y. )sin Qrm(y —x)),  (2)
Po Jo

where py = fol p(x,t)dx is the conserved average density.
To gain some physical insight on the action of £/[p], we
now define the complex mth-order packing order parameter
[46,47,67],

1 1 ) )
Znlpl = — f dx p(x, 1) e?™™ = |z,,|e"", 3)
Lo Jo

which is formally equivalent to the Kuramoto-Daido order pa-
rameter in the context of synchronization transitions [68—70],
see Sec. V below. Its magnitude |z,| measures the packing

of the density field around m equidistant emergent localiza-
tion centers placed at angular positions ¢f,{ ) = arg[/zm);] =
(¢m + 21 j)/m, with j € [0, m — 1]. Using z,,[p], the packing
field (2) can be simply rewritten as £™[p] = |z,,| sin(g, —
2 xm), see Figs. 1(c)-1(e) with & = 2w x. In this way, E)gm)[,o]
drives particles locally toward the m emergent localization
centers placed at qb,(,{) € [0, 2r), pushing particles that lag
behind the closest localization center while restraining those
moving ahead, with an amplitude proportional to the amount
of local packing as measured by |z,|, see Figs. 1(b)-1(e).
This results in a nonlinear feedback mechanism that amplifies
the local packing fluctuations naturally present in the system,
resulting eventually in the emergence of m traveling-wave
condensates for large enough values of A, and exhibiting
the fingerprints of spontaneous time-translation symmetry
breaking.

III. HYDRODYNAMIC INSTABILITY
AND CONDENSATE EQUIVALENCE

To determine the critical threshold A for this instability
to happen, we first note that VA the homogeneous density
profile p(x, t) = py is a solution of Eq. (1). We hence perform
a linear stability analysis of this solution and introduce a small
perturbation over the flat profile, p(x, 1) = pg + §p(x, t), with
fo] dx §p(x,t) = 0 to conserve the global density. Linearizing
Eq. (1) and expanding 8po(x, ¢) in Fourier modes, it can be
shown (see Appendix A) that the different modes decouple
and their stability depends on a competition between the dif-
fusion term and the packing field, controlled by the coupling.
This results in the m-th Fourier mode becoming unstable when
A > A with

D(p0)p0

A = dm .
o (po)

“

The form of the resulting perturbation beyond the in-
stability (see Appendix A) is compatible with the emer-
gence of m traveling-wave condensates, p(x, t) = pp(wput —
2mmx), moving periodically with an angular velocity w,, =
2mmo’(po)e right after the instability (A > A"). This in-
stability breaks spontaneously the time-translation symmetry
of the flat solution, thus giving rise to a continuous time
crystal [1-7,46]. Interestingly, the value of A" increases
with m, see Eq. (4), a reflection of the competition between
diffusion and the packing field. Indeed, while the effect of
diffusion, which tends to destroy the m emergent conden-
sates, scales as m” at the instability, the action of the packing
field promoting the condensates scales as m, and therefore
a stronger X is needed as m increases to destabilize the flat
solution. On the other hand, the excess of the averaged current
J=r17' [ dt fol dx j(x,t) with respect to the homogeneous-
phase average current Jy = o (pp)e can be shown to be J —
Jo o< 0" (pp)e right after the instability, so the current will be
larger or smaller than the homogeneous-phase current depend-
ing on the mobility curvature for density py. This highlights
the relevance of transport coefficients in the system’s reaction
to the packing field, which enhances or lowers the current and
the wave velocity depending on the mobility derivatives.
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A remarkable property of the emergent time-crystal phase
is that the m-th-order traveling-wave solution can be built by
gluing together m copies of the m = 1 solution after an appro-
priate rescaling of driving parameters. In particular, it can be
shown (see Appendix B) that p,,(w,,t — 2mrmx) = p;(mwt —
2rmx), where pj(wit — 2mx) is the traveling-wave solution
of Eq. (1) of velocity w; for m = 1 and parameters €, and
A1, while p,(w,t — 2mmx) is the corresponding traveling-
wave solution of Eq. (1) of velocity w,, = mw, for arbitrary
m > 1 and parameters €,, = me;| and X, = mA;. This scaling
property, valid for arbitrary transport coefficients, allows us
to collapse traveling-wave solutions for different orders m
and related driving parameters, reducing the range of possi-
ble solutions. Interestingly, a similar dynamical equivalence
between the first-order and higher-order couplings has been
reported for the particular case of the Kuramoto model [73],
see Sec. V below for more details on this mathematical con-
nection with synchronization phenomena.

IV. EXAMPLES

To illustrate our findings, we now investigate four paradig-
matic driven diffusive models [59] under the action of a
packing field (2), and which admit a hydrodynamic descrip-
tion of the form of Eq. (1). These models are (i) the random
walk (RW) fluid, which captures the diffusive motion of inde-
pendent particles and is described by a diffusivity D(p) = 1/2
and a linear mobility o (p) = p [59], (ii) the weakly asymmet-
ric exclusion process (WASEP) that models particle diffusion
under exclusion interactions, characterized by D(p) = 1/2
and o(p) = p(1 —p) [61,62], (iii) the Kipnis-Marchioro-
Presutti (KMP) model of heat transport [60], with D(p) =
1/2 and o (p) = p?, and (iv) the Katz-Lebowitz-Spohn (KLS)
lattice gas model [63—-65], which features particle diffusion
under on-site exclusion and nearest-neighbors interactions
and is described by a nonlinear diffusivity with a sharp maxi-
mum and a mobility with a local minimum, see Fig. 2(a).

All of these models, introduced in more detail in Ap-
pendix C, exhibit programmable time-crystal phases with
interesting critical properties. To show this, we solved numer-
ically Eq. (1) using the prescribed D(p) and o (p) in each
case, see Appendix D. Figure 2 shows results for m =1,
€ = 10 and different values of p, for each model. In particular,
Fig. 2(b) shows the magnitude of the packing order parameter
|z1| as a function of the coupling 1. As anticipated above, the
homogeneous density profile becomes unstable for A > )Lgl),
as signaled by the packing of the density field (|z;| # 0)
around an emergent localization center, and a phase transition
to a time-crystal phase in the form of a traveling condensate
takes place. Interestingly, the transition for the RW, KMP, and
WASEP models is continuous Vpg, see Fig. 2(b). The velocity
w) of the condensate in these models is initially proportional
to o’(pp) and €, as predicted, see Fig. 2(c), and depends
monotonously on the coupling A. This implies, in particular,
a constant positive velocity for the RW model and a positive
condensate velocity in the KMP model increasing with . For
the WASEDP, the sign of w; changes across py = 1/2 due to
its particle-hole symmetry: A particle condensate moving to
the left for oy > 1/2 can be seen as a hole condensate moving
to the right, and vice versa. The excess current J — Jy right
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FIG. 2. (a) Mobility o (p) for the different models studied. Inset:
diffusivity D(p) in the KLS model. For m = 1, € = 10 and different
po, the other panels display (b) the magnitude of the packing order
parameter |z;|, (c) the condensate velocity w;, and (d) the average
relative current J/Jy, as a function of 1 /A, for the different models.

after the instability depends instead on the value of o”(pp),
see Fig. 2(d), so that J > Jy for the KMP (¢”(p9) > 0 Vo)
and J < Jy for the WASEP (6" (09) < 0 Vpg), while J = Jy
for the non-interacting RW fluid.

Results for the KLS model are more intriguing due to the
change of convexity in its mobility and the sharp maximum
in the diffusivity, see Fig. 2(a). In particular, for py = 1/3, the
KLS lattice gas has o”(pg) < 0 and it qualitatively behaves
as the WASEP, at least close to the transition. Indeed the
transition is continuous, the condensate velocity in positive
(6'(pp) > 0), and the excess current is negative (¢”(09) < 0),
see blue dashed lines in Figs. 2(b)-2(d), though the KLS
condensate velocity w;(A) is nonmonotonous and exhibits a
maximum at a coupling A &~ 1.25 {1, see Fig. 2(c). However,
the nature of the KLS time-crystal transition changes radically
for pg = 1/2, where both the order parameter and the excess
current present an abrupt, discontinuous change accompanied
by a region of bistability and hysteresis for 0.75 < A/A. < 1,
see Figs. 2(b) and 2(d), all trademarks of a first-order phase
transition. This bistable, first-order-type behavior stems from
the pronounced peak in D(p) at p = 1/2, see inset to Fig. 2(a).
Indeed, the stability of the condensate depends on the compe-
tition between diffusion, washing out any structure, and the
packing field (proportional to the packing order parameter),
reinforcing the condensate. In the homogeneous phase for
A < A. we have p(x,t) =~ 1/2Vx, so a low density packing
competes with almost maximal diffusivity all across the sys-
tem, difficulting the condensate emergence. On the contrary,
if for the same A we start from a condensate profile where
o(x,t) # 1/2 almost everywhere (except at a sharp region
around the condensate walls), we expect a high packing field
competing with a low diffusivity, enhancing the condensate
stability. This dual behavior explains the first-order scenario
observed numerically, and suggests that any model with one
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FIG. 3. Condensates density profiles for different models, order
m and couplings X. (a) WASEP with m = 3, (b) RW fluid withm = 4,
(c) KMP model with m = 2, and (d) KLS lattice gas withm = 1. In
all cases pg = 1/3, € = 10m, and /A" = 1.01, 1.2, 1.5, 2.

or several sharp maxima in diffusivity may exhibit similar
phenomenology. Note also that the condensate velocity is zero
VX at pg = 1/2 due to the particle-hole symmetry of the KLS
model [53].

Figure 3 shows the condensate density profiles obtained
numerically for the different models for py = 1/3, varying
orders m = 1, 2, 3, 4 and several supercritical couplings A >
AU Interestingly, the shape of the condensate in each case
reflects the nonlinear transport properties of the model at
hand. For WASEP, the current in the time-crystal phase is
lower than in the homogeneous phase due to the exclusion
interaction [Fig. 2(d), J/Jo < 1], meaning that the emergence
of condensates jams dynamics on average. This jamming
gives rise in turn to a sharp density accumulation at the
tail of the condensate, see Fig. 3(a), while the condensate
front displays a soft decay as expected due to the available
free space. For the KMP heat transport model, the picture
is complementary: The excess current is positive (J/Jy > 1),
dynamics in the time-crystal phase is faster than in the ho-
mogeneous phase, and condensates thus exhibit a sharp front
and a softer tail, see Fig. 3(c). On the other hand, the linearity
of the RW fluid implies a completely symmetric condensate
shape [Fig. 3(b)], while the KLS highly nonlinear transport
coefficients are reflected in an intricate condensate shape, see
Fig. 3(d), with WASEP-like behavior in high-p and low-p re-
gions where o”(p) < 0, and KMP-like shape at intermediate
densities where o”(p) > 0. We also note that the driving field
€ controls both the velocity of the resulting condensates and
the asymmetry of density profiles (not shown).

The observed time-crystal phases can be further enhanced
with higher-order matter waves by introducing competing
packing fields modulated in time. As a proof of concept,
let us consider a generalized external field E,;[p] =€ +
Do Am(t YEW[p]. Figure 4 displays the spatiotemporal evo-
lution of the density field that results from the numerical
integration of Eq. (1) subject to different generalized external
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FIG. 4. Raster plots of the spatiotemporal evolution of the
density field in the WASEP subject to different time-modulated
generalized external fields E, ,[o] for po = 1/3. In (a) we swap
for € = 10 between different numbers of condensates in time by
switching on and off different orders m = 2, 3, 5 modulating 1,,(¢)
as shown in panel (b). In (c) a decorated time-crystal phase emerges
for € = 0.5 by modulating in time a higher-order m = 4 mode using
A4(t) as in panel (d), in a constant background m = 2 matter wave
obtained by setting 1, > 1.

fields (see Appendix D). For instance, we may swap be-
tween different numbers of condensates in time as shown in
Fig. 4(a) by switching on and off different orders m mod-
ulating A,,(¢) as in Fig. 4(b). We may also obtain custom
decorated time-crystal phases by switching on and off in
time a higher-order 2m mode using A®™(¢) as in Fig. 4(d),
in a constant background matter wave obtained by setting
A0 > 5.0m TInterestingly, a time-dependent decorated pattern
emerges, switching in-phase with X,,,(¢) between a symmetric
time-crystal phase with m condensates when A, () ~ 0 and
2m asymmetric condensates when Ay, (f) > A*™. These ex-
amples, just two among a myriad of interesting combinations,
showcase the potential of the packing-field route to engineer
and control programmable time-crystal phases in driven dif-
fusive fluids, opening new avenues of future research with
promising technological applications.

V. DISCUSSION AND OUTLOOK

Interestingly, the packing field (2) can be written as a gen-
eralized Kuramoto-like long-range interaction [46,68,69], in
which case Eq. (1) resembles the one for the oscillator density
in the mean-field Kuramoto synchronization model [70]. It
is hence tempting to relate the explosive time-crystal phase
transition observed here for the KLS lattice gas with similar
first-order synchronization transitions reported in certain os-
cillator models [71,72]. These links are only formal however,
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as synchronization models lack any transport in real space,
while in our case the nonlinearity of diffusion and mobility
coefficients caused by local exclusion and interactions intro-
duces crucial differences in the observed custom time-crystal
phases.

In this work, we have shown how to leverage the concept
of packing field (2) to engineer programmable continuous
time crystals in driven diffusive fluids, characterized by mul-
tiple rotating condensates. These phases can be created in the
laboratory with current technology, using for instance assem-
blies of colloidal particles confined in ring-shaped light traps,
created e.g., with infrared optical tweezers rapidly steered
through an acousto-optic deflector [41-43]; see also [44,45].
Packing fields could be implemented via a feedback loop from
real-time particle tracking by modulating the depth of the
individual lattice traps to bias motion locally. The challenge
remains to exploit this route to time crystals in this and other
geometries.
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APPENDIX A: HYDRODYNAMIC INSTABILITY
IN THE TIME-CRYSTAL PHASE TRANSITION

Our starting point is the hydrodynamic evolution equa-
tion for the density field p(x,t) in a 1d periodic diffusive
system driven by an external field E,[p],

O p = —0[=D(p)d:p + o (p)E[p]], (AD)

with x € [0, 1], and D(p) and o(p) the diffusivity and the
mobility transport coefficients, respectively. The external field
takes the form E,[p] = € + AE™[p], where € is a constant
driving and X is the coupling to an m-th order packing field
5)5’")[,0], defined as

1 1
g)gm) [p] = % / dy p(y, t) sin Qem(y — x)), (A2)
0

where pg = fol p(x, t)dx is the conserved average density. To
better understand the action of 5)5’”) [p], we define now the
complex mth-order packing order parameter (also known as
the Kuramoto-Daido order parameter in the context of syn-
chronization transitions),

1 1 ) )
nlpl = — f dx p(x, 1) e?™™ = |z, [, (A3)
Lo Jo

Its magnitude |z,,| measures the packing of the density field
around m equidistant emergent localization centers placed at

angular positions d),(,{) = arg[/z,n) ;] = (@ + 27 j)/m, with
Jj € [0, m — 1]. Using z,,[ o], the packing field of Eq. (A2) can
be simply rewritten as £ [p] = |z,,| sin(g,, — 27rxm). In this
way, E™[p] drives particles locally toward the m emergent
localization centers placed at ¢>,(,{ ) €10, 27), pushing particles
that lag behind the closest localization center while restraining
those moving ahead, with an amplitude proportional to the
amount of local packing as measured by |z,|. This results
in a nonlinear feedback mechanism that amplifies the local
packing fluctuations naturally present in the system, resulting
eventually in the emergence of m traveling-wave condensates
for large enough values of X, and exhibiting the fingerprints of
spontaneous time-translation symmetry breaking.

To determine the critical threshold A(™ for this insta-
bility to happen, we first note that for any value of A the
homogeneous density profile p(x,t) = py is a solution of
the hydrodynamic equation (A1). Therefore, a linear stability
analysis of this solution will allow us to find the critical value
AU, We hence consider a small perturbation over the flat
profile, p(x, 1) = pg + 8p(x, t), with fol dx8p(x,t) = 0 so as
to conserve the global density of the system. Plugging this
perturbation into Eq. (A1) and linearizing it to first order in
Sp(x,t) we obtain

88p = —d[—D(pg)dx8p + €5’ (po)sp
+0(po)(€ + Alzuldpll sin(pnldp] — 27xm))],
(A4)
where o'(pg) stands for the derivative of the mobility o (p)
with respect to its argument evaluated at oy, and where we
have used that |z,,| is already first-order in §p, see Eq. (A3).

The system periodicity can be used to expand the density field
perturbation in Fourier modes,

Sp(x,t) = Y Ci(t)e™™, (AS)

j==00

where the j-th Fourier coefficient is given by C;(t) =

fol dx8p(x, t)e” 2™/ Noting that the Kuramoto-Daido param-
eter is proportional to the (—m)-th Fourier coefficient in
this expansion, i.e., z,,[6p] = C_,,(t)/po, and replacing the
Fourier expansion in Eq. (A5), we obtain

D @Ci0) +¢Ci ()™ =0, (A6)

Jj=—00
where we have defined
¢j = 27 j)’D(po) + 127 jo' (po)e

Y o (po)
2p0

27m(8jm + 8 —m), (A7)

and §;,, and §;_, are Kronecker deltas. As the different
complex exponentials in Eq. (A6) are linearly independent,
each parenthesis in the equation must be zero. Therefore, the
solution for the different Fourier coefficients is just

C;(t) = C;(0)e™ %", (A8)

with C;(0) the coefficients associated with the initial pertur-
bation §p(x, 0). The stability of the different Fourier modes
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is then controlled by the real part of ¢;, for which we have to
consider two distinct cases: |j| # m and |j| = m. In the first
case | j| # m, we have Re(¢;) = D(po)(27 j)* > 0 V¥, so that
these Fourier modes will always decay. On the other hand,
when |j| = m, the decay rate involves a competition between
the diffusion term and the packing field,

Re(é‘im) = (27[m)2 (D(po) —A 0(/00) )

A9
4 mpg (A9

The critical value of A is reached whenever Re(¢,,) = 0, and
reads

D(0)p0

A = dm .
o (po)

(A10)
In this way, we expect the homogeneous density solution
p(x,1) = po to become unstable for A > A", leading to a
density field solution with a more intricate spatiotemporal
structure.

The previous analysis shows that, right after the instabil-
ity, the first modes to become unstable and contribute to a
structured density field will be the £m-order Fourier modes.
In this regime, we therefore expect a traveling-wave solution
p(x,t) = po + A cos(wyt — 2mrmx) with A a small amplitude
and where the angular velocity w,, is given from the imaginary
part of Eq. (A7),

Wy, = 2mmo’ (py)e. (A11)

This suggests that beyond the instability, the homogeneous
density turns into m condensates periodically moving at a
constant velocity w,, (initially proportional to ¢’(pg) and €),
thus giving rise to a custom continuous time crystal. More-
over, the average current J = fol dxj(x, t) associated with this
traveling-wave solution right after the instability can be cal-
culated from the local current in the linearized equation (AS),
resulting in

J =Jo+A%"(po)e /4, (A12)

where Jy = o(pp)e is the average current in the homoge-
neous phase. While we only expect Egs. (A11) and (A12) to
hold true close to A = A", they highlight the relevance of
the transport coefficients in the response of the model to the
packing field. Depending on the slope and convexity of the
mobility of each model, the packing field will enhance or
lower the current and the speed of the resulting condensates.

APPENDIX B: MAPPING CONDENSATE PROFILES
ACROSS DIFFERENT PACKING ORDERS

In this section, we investigate the relation between
traveling-wave solutions to Eq. (A1) corresponding to dif-
ferent packing orders m. In particular, we will show that,
provided that a 27 /m-periodic traveling-wave solution of
Eq. (A1) exists for packing order m, this solution can be built
by gluing together m copies of the solution of the m = 1
equation with properly rescaled parameters. To prove this, we
start by using a traveling-wave ansatz p(x, t) = f, (ot — 27wx)
in the hydrodynamic equation (A1) with packing order m,
where f,, is a generic periodic function and @ denotes the

traveling-wave velocity. This leads to

d
of,, () = 2JTE{D(fm)2JTf,i,(u)
+ o (fm)l€ + Azm| sin(@mo +mu)]},  (B1)

where we have introduced the variable u = wt — 27 x. In ad-
dition, we have used that under the traveling-wave ansatz,
the magnitude of the order parameter is constant and its
complex phase increases linearly in time, i.e., z,[f,] =
|2 exp(lwm[fm]) with (pm[fm] = @m0 + mwt.

Since we expect the formation of m equivalent particle
condensates once the homogeneous density profile becomes
unstable, it seems reasonable to assume that the resulting trav-
eling density wave will exhibit (2 /m)-periodic behavior, i.e.,
Jm(u) = fi(mu) with f; a new 2m-periodic function. Under
this additional assumption, the initial m-th order Kuramoto-
Daido parameter reads

1 1 .
Zm(0) = — / dx f,, (=2 x)e?m™
L0 Jo

1
_ L dx fi (—2mmx)e? ™ (B2)
Po Jo
1! -
= — | dxfi(=27%)e? = 7(0),
Lo Jo
where we haven taken into account the periodicity of f; and
where z1(0) is defined as the initial m = 1 Kuramoto-Daido
parameter of fj(u). Using this result, we can rewrite Eq. (B1)
in terms of f; and a new variable it = mu,

d
2 @) = 2n—~{D(f1)ZNf1’(ﬁ)
m di

€ A .. .
+G(f1)[— + —|Zi] sin(@1,0 — u)] } (B3)
m m
where we have used that f, (1) = mf)’(&t). This is nothing but
the original equation for the traveling wave Eq. (B1) with a
packing order m = 1 and rescaled parameters
0] € A

=—, €=—, A=—.
m m m

(B4)

In this way, we have proved that if f; (&t — 27 x) is a traveling-
wave solution of the hydrodynamic equation (A1) withm = 1
and parameters € and X, then p(x, 1) = fi(mat — m2mx) is
a solution of the corresponding hydrodynamic equation with
order m and parameters € = mé and A = mA. Note that this
result resembles the one found in the Kuramoto model, where
a complete dynamical equivalence between the first-order and
higher-order couplings has been reported [73].

APPENDIX C: DRIVEN DIFFUSIVE MODELS

The general results obtained in this paper have been il-
lustrated by solving the hydrodynamic equations for several
paradigmatic driven diffusive systems, including the random
walk (RW) fluid [59], the weakly asymmetric simple ex-
clusion process (WASEP) for interacting particle diffusion
[61,62], the Kipnis-Marchioro-Presutti (KMP) heat transport
model [60], and the Katz-Lebowitz-Spohn (KLS) lattice gas
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[63-65]. In this Appendix, we briefly introduce these mi-
croscopic lattice models and their hydrodynamic description.
We define the microscopic models on a 1d lattice of size L
with periodic boundary conditions, though they can be easily
generalized to arbitrary dimensions and different boundary
conditions. As for their hydrodynamic description, it takes in
all cases a standard diffusive form for a mesoscopic density
field p(x, t),

& p = —0:[=D(p)dxp + o (p)E], (ChH

with x € [0, 1], D(p) and o (p) the diffusivity and the mobil-
ity transport coefficients, respectively, and E some external
field that drives the system to a nonequilibrium steady state

of global density py = fol p(x,t)dx and a net current (g) =
o (po)E.

The RW fluid is composed by N independent particles
which jump stochastically and sequentially to nearest-
neighbor lattice sites with rates ry = % exp(£E /L) for jumps
along the £x-direction, with L the lattice size such that py =
N/L. At the hydrodynamic level, the RW fluid is characterized
by a diffusivity D(p) = 1/2 and a mobility a(p) = p [59].
This linear dependence of the mobility on the density field is
a signature of the noninteracting character of the RW fluid.

The weakly asymmetric simple exclusion process
(WASEP) [61,62] is a stochastic particle system similar
to the RW fluid, but with the crucial addition of exclusion
interactions. In particular, in the WASEP N particles live
in a periodic 1d lattice of size L, such that each lattice site
may contain at most one particle. Dynamics is stochastic and
proceeds via sequential particle jumps to nearest-neighbor
sites, provided these are empty (in another case the exclusion
interaction forbides the jump), at a rate ry = %exp(:l:E /L)
for jumps along the +X-direction. At the macroscopic level,
the WASEDP is characterized by a diffusivity D(p) = 1/2 and
a mobility o (p) = p(1 — p), a quadratic dependence on the
local density clearly reflecting the key role of the exclusion
interaction.

In the Kipnis-Marchioro-Presutti (KMP) model of heat
transport [52,60,74], each lattice site i € [1, L] is character-
ized by a non-negative amount of energy p; > 0. Dynamics
is stochastic, proceeding through random energy exchanges
between randomly chosen nearest neighbors (i, i + 1), in such
a way that the total pair energy is conserved in the collision.
At the hydrodynamic level, the KMP model is characterized
by a diffusivity D(p) = 1/2 and a mobility o (p) = p>.

The Katz-Lebowitz-Spohn (KLS) lattice gas model is a
stochastic particle system that features on-site exclusion and
nearest-neighbor interactions [63-65,75]. In the KLS model,
each lattice site can be empty or occupied by one particle at
most. The model is defined by two parameters, § and 1, which

control the particle hopping dynamics with rates 0100 1+

0010, 1101 1= 1011, 1100 1 1010, and 0101 % 0011,
Note that spatially inverted versions of these transitions occur
with identical rates [75]. In contrast to the other microscopic
transport models presented above, the richer dynamics of the
KLS model lead to more complex transport coefficients at
the macroscopic level. Specifically, the diffusion coefficient

is obtained in terms of the quotient

_ J(p)
x(p)’

where J(p) is the average current in the totally asymmetric
version of the model and x (p) is its compressibility. The first
is given by

D(p) (C2)

V[l 4+48(1 —2p)] = nv4p( —p)

V3

J(p) = (C3)

while the second obeys,

x(0) = p(1 = p)v/(2p — > +4p(1 — pe=*b.  (C4)

Parameters v and 8 are determined in turn from the expres-
sions

V-1 +ap—p)e 147
Vap(T—p) ’ 1—n
(C5)

Finally, the mobility coefficient o (p) is obtained from the dif-
fusion coefficient and the compressibility using the Einstein
relation o (p) = 2D(p) x(p). For this paper, we have chosen
to work with parameters n = 0.9 and § = 0, which results in
a nonlinear diffusivity with a sharp maximum and a mobility
with a local minimum, see Fig. 2(a) in the main text.

APPENDIX D: SOLVING NUMERICALLY THE
TRAVELING-WAVE HYDRODYNAMICAL EQUATION

In this Appendix, we detail the numerical method used in
this work to calculate the traveling-wave solutions to Eq. (A1),
i.e.,

0 p = —k[=D(p)dxp + o (p)(€ + Alzm[p]] sin(@m[]
—2mxm))], (D)

with x € [0, 1], periodic boundary conditions, and z,,[p] the
Kuramoto-Daido parameter given by

1! : ,
ol = - / drp(x, ™™ = |zalplle?. (D2)
0 JO

This is a nonlinear second-order integro-differential equa-
tion that poses a challenge for standard numerical methods.
In particular, reaching the traveling-wave regime with enough
precision using standard techniques for partial differential
equations—such as finite difference methods—becomes in-
creasingly difficult when the system is either close to the
critical point or deep into the nonlinear regime.

To address this problem, we have devised an alternative
approach based on transforming this equation into an ordi-
nary first-order differential equation supplemented by several
self-consistence relations. For that, we consider the hydrody-
namic equation (D1) with a traveling-wave ansatz p(x,t) =
Jfm(wt — 2mx) to obtain an ordinary second-order differential
equation in terms of the variable u = ot — 27x,

d
wf, W) = ZHE{D(fm)an,;(u)

+ o (fn)le + Alzml sin(gpm,o + mu)l}.

Here, we have used that, under the traveling wave ansatz, the
magnitude of the order parameter is constant and its complex

(D3)
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phase increases linearly in time, i.e., Z,,[ fu] = |z |€/@moTmeD)
with ¢, ¢ the argument at + = 0. This simplifies the equa-
tion on one hand, but it makes it harder to deal with the order
parameter. In the original partial differential equation, given
the density profile at a particular time step, we just needed to
evaluate z,,(p) in order to obtain the next one. However, in
the traveling-wave version of Eq. (D3), in order to compute
the differential equation, we need the integral Eq. (D2) of its
solution, which renders usual differential equations methods
invalid.

To overcome this issue, we first integrate Eq. (D3) to obtain
a first-order differential equation easier to tackle numerically

@ fun() = 27{D(fn)27 f,,(u)

+o(fwl€ + Azn| sin(mu)]} +C,  (D4)

where C is an integration constant and we have chosen ¢, 0 =
0 without loss of generality (i.e., we set the origin of u to
the angular position given by ¢, 0, SO u = u — ¢, 0). The
key step now is to consider |z,| as a free parameter in-
stead of the integral of the solution, thus transforming the
previous equation into a standard ordinary differential equa-
tion depending on three parameters: |z,,|, , and C. Such
a differential equation can now be solved using the initial
condition at the left boundary f,,(0) = yo to obtain the solu-
tion f,,(u; yo, |zm|, @, C). Nevertheless, this function is not, in
general, a solution to the original problem. The parameters

Y0, |Zm|, @, and C must be carefully chosen to ensure the
compatibility of the solution with the specifications of the
original problem: the periodicity of the solution, its average
density pj and the consistency between the chosen |z,,| and the
value calculated from f,,(u; yo, |zm|, @, C). These conditions
are captured in the following system of equations:

fn(0330, zml, @, C) = f(2m;¥0, 2ml, ®, C), (D5)
1
,00=/ dx fru (=27 x5 Y0, |2m|, @, C), (D6)
0
1
|zm| = f dx (=273 Y0, |2ml, @, C)e?™", (D7)
0

which complete the set of equations required to solve the
problem (we have two real equations and a complex one to de-
termine four real parameters). To determine the solution to the
original problem, we define a function G(yy, |z|, @, C) which
calculates the profile f,,(0;yo, |zm|, @, C) using Eq. (D4) and
returns the squared sum of the errors in the previous self-
consistent equations for this profile. With this, the correct
parameters yo, |z,|, @, C can be found by performing a nu-
merical optimization of G(yy, |zx.|, w, C), and the traveling
wave profile f,, corresponding to such parameters will be the
solution of the original problem. This approach is reminiscent
of the shooting method [76] used to solve two-point boundary
value problems.
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