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Dynamical

DYNAMICAL PHASE TRANSITIONS

¢ Dynamical phase transitions (DPTs) have been found in the trajectory statistics
of classical and quantum systems

® DPTs appear when conditioning a system to have a fixed value of some time-
integrated observable, such as, e.g, the current or the activity

¢ Dynamical phases correspond to different types of trajectories: some may display
emergent order, collective rearrangements, and symmetry-breaking
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© Macroscopic fluctuation theory has underpinned most progress on DPTs. What
about microscopic understanding?

Interestingly, many DPTs involve the How does spontaneous symmetry

spontaneous breaking of a Z, symmetry breaking appear at the microscopic level?
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CURRENT FLUCTUATIONS FROM MICROSCOPICS

e Quantum hamiltonian formalism for the master equation | P(t) Z P(C,t)|C)
0| P(t)) = WIP(t))

® Markov generator W = Z Weco |ChY (C| — ZR( C) <C]
C,C'£C C ZWC—>C’




Trajectory stat

CURRENT FLUCTUATIONS FROM MICROSCOPICS

e Quantum hamiltonian formalism for the master equation | P(t) Z P(C,t)|C)
0| P(t)) = W|P(1))

¢ Markov generator W = Z We_cor |C") (C] — Z R(C)|C) (C ] .
C C/¢C ) — ZWC—>C’
¢ Ensemble of trajectories conditioned on the current Q = Z qc;C; 1 |

[Ruelle, Gartner&Ellis,

P,(Q) ~ etC(@/1 | S
® Dynamical partition function:
=Y P(Q)? ~ e
Q@
¢ Dynamical free energy ()\) = — min|G(q) — Aq| largest eigenvalue of biased
q

generator

Z ‘ech/c We_or |C’/> <C|‘— ZRC‘C> <C‘ No conseryqtion
C,C'+£C Biased jumps of probability

e Spectrum of W*;

WA RY) =60;(N) |RY) (LW =0;(\) (L] A(N\) = O(\)
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MAKING RARE EVENTS TYPICAL

o W* oenerates atypical trajectories but (—| W* # 0 (non-physical!)

[Jack & Sollich 2010,
Popkov et al 2010,

® We can make rare events TYPICAL using Doob’s transform: cretite aTouchette 2015,

W) =LoW L' — 6o() with (Lo)ij = ((Lg)|)idss
e W1 now conserves probability (physical!): (—|Wp = 0 with (—| = Z (C]
C

”Wi\) spectrum Is simply related to that of WA
07 (N\) = 0;(\) — Op(N) |R§\,D> — L, ‘Rm <L£\,D

= (L}|Ly"
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MAKING RARE EVENTS TYPICAL

o W* oenerates atypical trajectories but (—| W* # 0 (non-physical!)

[Jack & Sollich 2010,
Popkov et al 2010,

® We can make rare events TYPICAL using Doob’s transform: cretite aTouchette 2015,

W = LoW L, ! — 6o(A) with (Lo)i; = ((Lg])ids
e W1 now conserves probability (physical!): (—|Wp = 0 with (—| = Z (C]
C

o W3 spectrum is simply related to that of W*
0. (A) = 0;(A) — o (M) [R}p) = Lo |R}) (L)p| = (LM Lg?

PtA (Q)A Pt(Q)

W2, proper stochastic
generator for the
statistics of atypical
trajectories

Cumulative

DPTs hence appear as standard critical

phenomena for the Doob’s dynamics
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DPTS, SYMMETRY AND DEGENERACY

© Many DPTs are accompanied by a spontaneous Z, symmetry breaking phenomenon

e Z, group: cyclic group of order n, generated by unitary operator S € Zy, with S™ =1

¢ S symmetry of the stochastic process iff [W, S] = 0 Moreover, if S leaves invariant
then current, then [W3, S] =0 and there is a common eigenbasis

S ‘RJ’,D = ¢ ‘RJ’,D D| S = ¢j (L } ¢; = g2k /m kj =0,1,...,n—1
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© Many DPTs are accompanied by a spontaneous Z, symmetry breaking phenomenon

® Z, group: cyclic group of order n, generated by unitary operator S € T, with §" =1

¢ S symmetry of the stochastic process iff [W, S] = 0 Moreover, if S leaves invariant
then current, then [W3, S] =0 and there is a common eigenbasis

S‘R',D :qu‘R',D D|S ¢j (L | ¢j:ei27rkj/n kj =0,1,...,n—1
Re(H] ) <0Vy
@ Solution of Doob master equation: NG HjD) o cten dy cate
A t—)
ey = % Ry) = [R3p) + 3 el RAp) (L3I Po) 425 P2 )
7>0
o If W3 is gapped:
‘ ~ Po — ‘RS,D> All probability,

No symmetry breaking ‘RS‘,D> is invariant under S
for gapped spectrum SIRY 1) =[R2 p)
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DPTS, SYMMETRY AND DEGENERACY

© Many DPTs are accompanied by a spontaneous Z, symmetry breaking phenomenon

e Z, group: cyclic group of order n, generated by unrtary operator S € Ly, with 8™ =1

¢ S symmetry of the stochastic process iff [W, S] = 0 Moreover, if S leaves invariant
then current, then [Wp, S] =0 and there is a common eigenbasis

S‘RJ’,D = @j ‘RJ}D D|S ¢J | oy = o2k /™ kj =0,1,...,n—1
Re(9] p) <0V
@ Solution of Doob master equation: e i H?D) o steady state
)Y WA t—
Pin) = B Py = [Ryp) + Y el Rp)Lip|Po) 2% [P 1)
7>0
o If W3, is gapped: e For gapless, n-fold degenerate W,

i

P2 p) =|Ryp) Al probability

_—
A A A
‘ 5. Py) |RO,D> T Z ‘Rj,D> (L5 pl|Po)
No symmetry breaking |R{ 1) is invariant under S N Probability
for gapped spectrum SIR) p) = |R)p) Symmetry is broken redistribution
in the gapless phase

ssPo | SSPO | sP0>#| SPO>
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PHASE PROBABILITY VECTORS

© Degeneracy implies the appearance of different steady states.

® Define n independent phase probability vectors |Hf> with [ € [0 .. n — 1],

normalized (—|I1}') = 1, and related via the symmetry operator; |TI}\. ;) = S [IT}")
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PHASE PROBABILITY VECTORS

© Degeneracy implies the appearance of different steady states.

® Define n independent phase probability vectors |HZ\> with [ € [0 .. n — 1],

normalized (—|I1}') = 1, and related via the symmetry operator; |TI}\. ;) = S [IT}")

¢ [he phase probability vectors associated to each symmetry broken sector are thus

n—1 1 n—1
) =) (¢)'|Rjp)  ——  [Rip) =—> (&) ' |Im)
§=0 [=0

Allows for phase-

® Doob steady state as weighted sum of phase probability vectors  selection mechanism

by initial state preparation

n—1 n—1
1 1 _
’Ps'\s,P(,) = szlﬂz’\) — Wy = B + " Z(%‘) I<L§‘,D|P0>
=0 j=1



PHASE PROBABILITY VECTORS

¢ Degeneracy implies the appearance of different steady states. i

¢ Define n independent phase probability vectors |HZ\> with 1€ [0..n—1],
normalized (—|I1}") = 1, and related via the symmetry operator; oY) =S

;')

¢ [he phase probability vectors associated to each symmetry broken sector are thus

n—1 1 n—1
) =) (¢)'|Rjp)  ——  [Rip) =~ > (&) ' [I})
3=0 [=0

Allows for phase-

¢ Doob steady state as weighted sum of phase probability vectors selection mechanism

by initial state preparation

n—1 n—1
1 1 _
Pap) = wllt)  ——  wi=_4+ o) (6) 7 (LiplPo)
1=0 j=1

® Once a symmetry-breaking DPT kicks in, statistically-relevant configurations fall
into well-defined symmetry classes / A
/ / “ (CI7)

(CIG,.)

%O, Vl#gc

¢ [his observation implies a hidden spectral structure in the degenerate subspace

(CIRjp) ~ (#;)~"°(C| Ry p)
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ORDER PARAMETER SPACE

© Large dimension of Hilbert space makes unfeasible the analysis of eigenvectors

e Solution: group similar configurations (in terms of symmetry) to reduce dimension
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© Large dimension of Hilbert space makes unfeasible the analysis of eigenvectors
e Solution: group similar configurations (in terms of symmetry) to reduce dimension

¢ Order parameter space: partition of configuration Hilbert space H into equivalence
classes according to a proper order parametery : H — C

¢ Reduced Hilbert space #,, = {|[v))} and probability-conserving map T [¢) = UW}
P(v)= ) (CIP)=(wIP)) = [lv)) = > {Wllv) ) =D _| D (Cl)|lw)
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ORDER PARAMETER SPACE

© Large dimension of Hilbert space makes unfeasible the analysis of eigenvectors
e Solution: group similar configurations (in terms of symmetry) to reduce dimension

¢ Order parameter space: partition of configuration Hilbert space H into equivalence
classes according to a proper order parametery : H — C

¢ Reduced Hilbert space #,, = {|[v))} and probability-conserving map T [¢) = UW}
P(v)= ) (CIP)=(wIP)) = [lv)) = > {Wllv) ) =D _| D (Cl)|lw)

|C) eH: v v L|C)eH: _
p(C)=v p(C)=v

¢ Order parameter space inherits structure:

n—1
1P p,)) = [IR3p)) + D IR} ) (L}nlPo)

g=1

1) = [1R3)) + Y2 (6 IR0}

(pl|RYp)) ~ ¢ ((ul| R p))
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WEAKLY ASYMMETRIC SIMPLE EXCLUSION PROCESS

© WASEP: |d lattice with occupation numbers ni=0,| + particle jJumps to empty
neighbors with rates 7+ = exp(&E/L)/2 L
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WEAKLY ASYMMETRIC SIMPLE EXCLUSION PROCESS

® WASEP: |d lattice with occupation numbers ni=0,| + particle jumps to empty
neighbors with rates r+ = exp(£E/L)/2 -

: T s ?(f o M T NNT+ PR = . 5
¢ For pr = 1 — pL the dynamics exhibits &3 bu_Q/l o 5 -
a particle-hole (PH) symmetry ) — % e oLk oy o

ng—>1—n, , k—L—-—Fk+1 T a1y - ;?ﬁﬂ

¢ DPT in current fluctuations: for|¢| < ¢c, the system either crowds or depletes
of particles to sustain such current fluctuation. Zs symmetry-breaking DPT

Density profiles Order parameter
-8 —4 0
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® WASEP: |d lattice with occupation numbers ni=0,| + particle jumps to empty
neighbors with rates r+ = exp(£E/L)/2

\' | :‘i :{f T-ANT PR = L

¢ For pr = 1 — pL the dynamics exhibits ~ && ‘*u‘%%* | ; B+
a particle-hole (PH) symmetry I — e o et
n.—1—n, , k—=L—-—k+1 L=ty E 5:?}&};

C ¢ ©
(WL ¥

¢ DPT in current fluctuations: for|¢| < gc, the system either crowds or depletes
of particles to sustain such current fluctuation. Zs symmetry-breaking DPT

Density profiles Order parametir
20
——— (b) gu®
=3 | <~
I (... e - 1ON<]
— 1/ ... J— ~
. i . 0
I . - 10
| C
. 1O -
I 4. _
| Ny ST - 3 R
|
—fsnnasn I~|. - O

Y 00 0.05 0.10
1/L




WEAKLY ASYMMETRIC SIMPLE EXCLUSION PROCESS

® WASEP: |d lattice with occupation numbers ni=0,| + particle jumps to empty
neighbors with rates r+ = exp(£E/L)/2

\' | :‘i :{f T-ANT PR = L

¢ For pr = 1 — pL the dynamics exhibits ~ && ‘*u‘%%* | ; B+
a particle-hole (PH) symmetry I — e o et
n.—1—n, , k—=L—-—k+1 L=ty E 5:?}&};

C ¢ ©
(WL ¥

¢ DPT in current fluctuations: for|¢| < gc, the system either crowds or depletes
of particles to sustain such current fluctuation. Zs symmetry-breaking DPT

Density profiles Order parameter Wf‘) is gapped => unique steady state | Ps;)
20
]
|, 3 (b) ". <
: oo - 1030
0 ~
i L
e
: - 10
l ". <=
' - - 9 N<]
, ~
| l~l. - 0
0.06  0.10
/L




=
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® WASEP: |d lattice with occupation numbers ni=0,| + particle jumps to empty
neighbors with rates r+ = exp(£E/L)/2

\' | :‘i :{f T-ANT PR = L

¢ For pr = 1 — pL the dynamics exhibits ~ && ‘*u‘%%* | ; B+
a particle-hole (PH) symmetry I — e o et
n.—1—n, , k—=L—-—k+1 L=ty E 5:?}&};

C ¢ ©
(WL ¥

¢ DPT in current fluctuations: for|¢| < gc, the system either crowds or depletes
of particles to sustain such current fluctuation. Zs symmetry-breaking DPT

Density profiles Order parameter Wf‘) is gapped => unique steady state | Ps;)
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Vanishing spectral gap of Wp, as L — oo
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WEAKLY ASYMMETRIC SIMPLE EXCLUSION PROCESS

e Order parameter: mean occupation = L™ Z Nk
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ENERGY FLUCTUATIONS IN SPIN SYSTEMS

® Potts model: |d periodic lattice with spins
sk €40,1,...,7 — 1} distributed in unit circle
with angles gok = 27sy /r. Glauber spin-flip
dynamics and Hamiltonian: L

H=—J)Y cos(¢ri1— @k)
k=1

¢ Z,.symmetry: Hamiltonian invariant under global rotations multiple of 27 /r
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¢ Z,symmetry: Hamiltonian invariant under global rotations multiple of 27 /r

® DPT in energy fluctuations; for ¢ < € the r~spin system develops ferromagnetic
order to facilitate the energy fluctuation. Z,symmetry-breaking DPT
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¢ Potts model: |d periodic lattice with spins
sk € {0,1,...,r — 1} distributed in unit circle
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dynamics and Hamiltonian:
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¢ Order parameter: magnetization m = L~ Z Lk
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¢ Order parameter: magnetization m = L~ Z Lk
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¢ Order parameter: magnetlza‘uon m=1" Z Lok
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® Order parameter: magnetization m = L~ Z 1Pk

k=1
<<m||RO,D>> peaked around Flat <<m||RO,D>>
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® Order parameter: magnetization m = L~ Z 1Pk
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¢ Order parameter: magnetization m = L~ Z
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¢ Order parameter: magnetization m = L~ Z
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Example
A TIME CRYSTAL DPT

© WASEP: |d lattice with occupation numbers ni=0, |
+ particle jumps with rates r4+ = exp(+FE/L)/2

¢ The closed WASEP exhibits translation symmetry
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© WASEP: |d lattice with occupation numbers ni=0, | | P L0
+ particle jumps with rates r = exp(+FE/L)/2 i E

b Qo " Vge. S
¢ The closed WASEP exhibits translation symmetry —_—

e DPT in current fluctuations: for |9 < ¢, the system forms a jammed density
wave or rotating condensate. Z, symmetry-breaking DPT
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A TIME CRYSTAL DPT 4 /lm

. . . O
® WASEP: |d lattice with occupation numbers ni=0, | UV <
+ particle jumps with rates ri = exp(£FE/L)/2 Q- - E *‘\.

4 &,

- po =N/L (/
¢ The closed WASEP exhibits translation symmetry \(Lg 1 Af(:i("

¢ DPT in current fluctuations: for|q| < ¢, the system forms a jammed density
wave or rotating condensate. Z, symmetry-breaking DPT
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® WASEP: |d lattice with occupation numbers ni=0, | UV <
+ particle jumps with rates ri = exp(£FE/L)/2 Q- “ E *‘\,.

- po =N/L (/
¢ The closed WASEP exhibits translation symmetry \(Lg 1 Af(:i("

¢ DPT in current fluctuations: for|q| < ¢, the system forms a jammed density
wave or rotating condensate. Z, symmetry-breaking DPT

W3 is gapped = unique steady state | P,;)
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® WASEP: |d lattice with occupation numbers ni=0, | — O
+ particle jumps with rates ry = exp(+E/L)/2 Q- “ E *‘\,_

- po =N/L u
¢ The closed WASEP exhibits translation symmetry \(LL 1 4,(3.(’

¢ DPT in current fluctuations: for|q| < ¢, the system forms a jammed density
wave or rotating condensate. Z, symmetry-breaking DPT

W3 is gapped = unique steady state | P,;)
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® WASEP: |d lattice with occupation numbers ni=0, | M —— C
+ particle jumps with rates ry = exp(+E/L)/2 - “ E *‘\,_

- po =N/L u
¢ The closed WASEP exhibits translation symmetry \(LL 1 4,(3.(’

¢ DPT in current fluctuations: for|q| < ¢, the system forms a jammed density
wave or rotating condensate. Z, symmetry-breaking DPT

W3 is gapped = unique steady state | P,;)
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A TIME CRYSTAL DPT

L
: 1 12wk /L i
¢ Packing order parameter; z = ~ E n e = |z|e
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¢ Packing order parameter: z = ~ E n e = |z|e

Flat ((z||Rgp))

((z||R) 1)) peaked at |z| ~ 0
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({2l Rg. b))



A TIME CRYSTAL DPT

L
° 1 . .

¢ Packing order parameter: z = N E ng 2L — |zt
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A TIME CRYSTAL DPT

. 1
¢ Packing order parameter: z = ~
((z||R) 1)) peaked at |z| ~ 0
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¢ Packing order parameter: z = ~
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: 1
¢ Packing order parameter: z = ~
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SUMMARY

¢ We have unvelled the spectral signatures of symmetry-breaking DPTs

¢ The spectral hallmark of a symmetry-breaking DPT Is the emergence of a
degeneracy in the stationary subspace of Doob eigenvectors

® Once the DPT kicks in, different steady states coexist, characterized by physical
phase probability vectors connected via symmetry

¢ The system breaks the symmetry by singling out a particular dynamical phase out
of the multiple possible phases present in the first Doob eigenvector

® Symmetry imposes a stringent spectral structure on DPTs: the components of
subleading degenerate eigenvectors are related to those of the leading eigenvector

¢ Projecting our results to a reduced order-parameter space allows for a quantita-
tive confirmation of our predictions in several paradigmatic examples of DPTs
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