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Abstract.  We introduce a general class of stochastic lattice gas models, and 
derive their fluctuating hydrodynamics description in the large size limit under 
a local equilibrium hypothesis. The model consists of energetic particles on a 
lattice subject to exclusion interactions, which move and collide stochastically 
with energy-dependent rates. The resulting fluctuating hydrodynamics 
equations exhibit nonlinear coupled particle and energy transport, including 
particle currents due to temperature gradients (Soret eect) and energy flow due to 
concentration gradients (Dufour eect). The microscopic dynamical complexity 
is condensed in just two matrices of transport coecients: the diusivity matrix 
(or equivalently the Onsager matrix) generalizing Fick–Fourier’s law, and the 
mobility matrix controlling current fluctuations. Both transport coecients 
are coupled via a fluctuation-dissipation theorem, suggesting that the noise 
terms aecting the local currents have Gaussian properties. We further prove 
the positivity of entropy production in terms of the microscopic dynamics. 
The so-called kinetic exclusion process has as limiting cases two of the most 
paradigmatic models of nonequilibrium physics, namely the symmetric simple 
exclusion process of particle diusion and the Kipnis–Marchioro–Presutti model 
of heat flow, making it the ideal testbed where to further develop modern 
theories of nonequilibrium behavior.
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1. Introduction

Nonequilibrium statistical physics deals with the emergent collective properties of sys-
tems composed by many degrees of freedom which are driven out of equilibrium either 
by external agents (as e.g. gradients, fields, etc) or internal dissipative mechanisms. The 
inherent complexity of such systems makes necessary the development of simple models 
that, while maintaining the key ingredients to understand the phenomenon of interest, 
are ripped o unnecessary details which can only blur their analysis and predictive 
power. Chief among these simple models, stochastic lattice gases have played a piv-
otal role in most breakthroughs of nonequilibrium physics during the last decades [1]. 
These include the dierent fluctuation theorems [2–14], the large deviation approach to 
nonequilibrium physics [15–17] and its formulation in terms of macroscopic fluctuation 
theory [18–23], exact solutions distilling general features of nonequilibrium systems 
[24–28], the discovery of new instabilities and phase transitions out of equilibrium [29], 
or applications to biology [30], active matter [31], disordered [32] and granular [33–35] 
media, soft condensed matter [36], etc.

Despite these advances, aided by the development of stochastic lattice gases, the 
problem of nonequilibrium physics remains remarkably hard and open. This is due to 
the diculty in combining statistics and dynamics, which always plays a main role out 
of equilibrium [16, 23] even in the relatively simpler situation of a (nonequilibrium) 
steady state. In equilibrium, ensemble theory teaches us how to predict the thermody-
namic properties of a macroscopic system starting from its microscopic Hamiltonian, 
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via the computation of the partition function, a sum over all possible system’s micro-
scopic configurations [37–39]. Out of equilibrium there is no such a simple and general 
recipe in terms of configurations due to the importance of dynamics. This lack of a 
general framework is a major drawback in our ability to control, manipulate and engi-
neer systems which typically work under nonequilibrium conditions. However, in recent 
years, it has been shown that out of equilibrium a formally similar theoretical scheme 
may work at the level of trajectories [23]. The key idea now is to consider an ensemble 
of trajectories, characterize the probability of each possible path in phase space (either 
microscopically or at a mesoscopic, field-theoretic level), and from that knowledge 
compute the dynamical partition function associated to any observable of interest, as 
e.g. the total current traversing the system or the density field [16, 23]. The associated 
dynamical free energies or large deviation functions characterize the macroscopic behav-
ior of the system of interest, regardless of how far from equilibrium the system is. This 
paradigm has proven extremely useful and predictive in simple nonequilibrium stochas-
tic lattice gases [23], leading to a number of groundbreaking results valid arbitrarily far 
from equilibrium. These range from the discovery of dynamical phase transitions and 
spontaneous symmetry-breaking phenomena in the fluctuations of driven systems [20, 
40–89] to the understanding of emergent symmetries out of equilibrium [14, 90–94], or 
the recent definition of universal bounds on current fluctuations in the form of thermo-
dynamic uncertainty relations [95–98].

The exact calculation of large deviation functions from microscopic dynamics is 
in general a daunting task, only accomplished for a reduced number of simple low-
dimensional stochastic lattice gases [16, 23]. Instead, for diusive systems an alterna-
tive theoretical framework has been developed in recent years [23]. In this scheme, one 
starts by deriving from the microscopic dynamics of the model a mesoscopic description 
which takes the form of a nonlinear fluctuating hydrodynamics equation (or equiva-
lently a Langevin-type equation for the relevant locally-conserved field). This coarse-
grained description is fully determined once a few transport coecients are derived 
analytically from microscopics, or instead measured in experiments or simulations. A 
path integral formulation of the associated Langevin equation then provides the sta-
tistical weights of the possible system trajectories at this coarse-grained level, a sort of 
statistical physics of trajectories from which one can compute using variational meth-
ods the dynamical partition functions of interest and the associated large deviation 
functions [16, 23]. The so-called macroscopic fluctuation theory (MFT) thus allows to 
understand dynamic fluctuations and nonequilibrium macroscopic behavior in a broad 
family of driven diusive media which goes far beyond the few exactly-solvable models 
mentioned above. However, the complexity of the mathematical problem has mostly 
restricted this program to the simpler case of models with a single locally-conserved 
magnitude [16, 18–21, 23, 40, 52, 58, 66, 74, 76, 80, 81, 99–108]; see however [109–116] 
for the few applications of MFT to more complex scenarios. In order to systematically 
extend the ideas of macroscopic fluctuation theory to the more interesting case of sys-
tems characterized by several locally-conserved magnitudes coupled nonlinearly (as it 
is the case of e.g. realistic fluids), it is crucial to develop minimal models for this broad 
class of systems which, while capturing their essential ingredients (namely nonlinear 
coupled diusions possibly under boundary driving), are simple enough to be amenable 
to both analytical calculations and extensive computer simulations. Moreover, as the 
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starting point of MFT is the nonlinear fluctuating hydrodynamics description of the 
system of interest, a cornerstone in this scheme will be the passing from the microscopic 
stochastic dynamics to the mesoscopic, field-theoretic description of the more involved 
model, including the explicit computation of the relevant transport coecients.

In this work we introduce a new model of transport, the kinetic exclusion process 
(KEP), characterized by the coupled nonlinear diusion of two conserved fields, and 
analyze its emergent hydrodynamic behavior in the large system size limit under a local 
equilibrium approximation for the probability measure for microscopic configurations. 
The kinetic exclusion process consists in energetic particles on a general d-dimensional 
lattice subject to exclusion interactions, so each lattice site may contain at most one 
particle. Particles can jump stochastically to empty neighboring sites at a rate which 
depends (possibly in a nonlinear manner) on the particle’s energy content. In addition, 
neighboring particles can collide at a rate now dictated by the pair total energy, which 
is then randomly redistributed between the colliding particles. The kinetic exclusion 
process can be subject to dierent types of boundary conditions, which range from a 
periodic setting to study isolated dynamics to a coupling to boundary thermal walls, 
or even to boundary particle reservoirs at given chemical potentials and temperatures, 
see figure 1. For both open cases, the kinetic exclusion process can be driven out of 
equilibrium by introducing boundary temperature and/or chemical potential gradients.

In the diusive scaling limit both continuous space and time variables can be intro-
duced, and the kinetic exclusion process can be described by two coarse-grained fields, 
namely the particle density ρ(x, t) and a temperature field T (x, t). We show below that 
these coupled fields evolve according to the following nonlinear fluctuating hydrody-
namics equations

∂tρ = ∂x [D11(T )∂xρ+D12(ρ,T )∂xT + ξ] , (1)

∂t (ρT ) = ∂x [D21(T )∂xρ+D22(ρ,T )∂xT + ζ] , (2)
with the diusivity transport coecients given by

D11(T ) = F0(T ) ,

D12(ρ,T ) = ρ(1− ρ)F ′
0(T ) ,

D21(T ) = TF1(T ) ,

D22(ρ,T ) = ρ(1− ρ)[F2(T )− F1(T )] + ρ2F3(T )/12 .

These coecients define the elements of the diusivity matrix D(ρ,T ). The functions 
Fn(T) are a reflection of the microscopic dynamics at this mesoscopic level. They are 
defined as

Fn(T ) ≡
∫ ∞

0

dy e−yynf(Ty) ,

with the function f(ε) controlling the energy dependence of the microscopic jump/col-
lision rates, see equation (5) below. Note that these functions Fn(T) obey a recurrence 
relation Fn+1(T ) = (n+ 1)Fn(T ) + TF ′

n(T ), with ′ denoting derivative with respect to 
the argument. The fields ξ(x, t) and ζ(x, t) in equations (1) and (2) are two Gaussian 
white noises with zero mean and correlators

https://dx.doi.org/10.1088/1742-5468/2019/00/000000
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〈ξ(x, t)ξ(x′t′)〉 = 1

L
M11(ρ,T )δ(x− x′)δ(t− t′) ,

〈ξ(x, t)ζ(x′t′)〉 = 1

L
M12(ρ,T )δ(x− x′)δ(t− t′) ,

〈ζ(x, t)ζ(x′t′)〉 = 1

L
M22(ρ,T )δ(x− x′)δ(t− t′) ,

 

(3)

with L the system size, so these noise terms are weak in the large L limit. Such weak 
gaussian fluctuations are expected to emerge for most situations of interest in the 
appropriate mesoscopic limit as a result of a central limit theorem: even though micro-
scopic interactions can be highly complicated, the ensuing fluctuations aecting the 
slow (hydrodynamic) degrees of freedom typically result from a large superposition of 
random events at the microscale which leads to Gaussian statistics at the mesoscale. 
We further show that the transport coecients appearing in equation (3) are

Figure 1. Sketch of the kinetic exclusion process (KEP), as defined on dierent 
lattices and under varying boundary conditions. Energetic particles subject to 
exclusion interactions jump and collide stochastically across the lattice with energy-
dependent rates. Particle colors codify their energy content. Boundary conditions 
can be either periodic (a)–(d), so as to mimick an isolated gas, or open (b) and (c). 
In the latter case the system may either exchange energy with boundary thermal 
walls (b), or rather exchange both particles and energy with boundary reservoirs at 
given temperatures and chemical potentials. Boundary gradients generically drive 
the KEP out of equilibrium. Note that the KEP can be defined on general lattices 
in arbitrary dimension (d), though we restrict our discussion in this paper to 1d 
lattices for simplicity.

https://dx.doi.org/10.1088/1742-5468/2019/00/000000
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M11(ρ,T ) = 2ρ(1− ρ)F0(T ) ,

M12(ρ,T ) = 2ρ(1− ρ)TF1(T ) = M21(ρ,T ) ,

M22(ρ,T ) = 2ρ(1− ρ)T 2F2(T ) + ρ2T 2F3(T )/6 .

These transport coecients define the elements of the symmetric mobility matrix 
M(ρ,T ) which controls the coupled fluctuations of the particle and energy current fields 
in the KEP. Interestingly, the mobility matrix M(ρ,T ) can be simply related to the 
Onsager’s matrix L(ρ,T ) of phenomenological transport coecients relating dissipative 
fluxes and thermodynamic forces [117], namely

M(ρ,T ) = 2L(ρ,T ) . (4)
This is just an expression of the general fluctuation-dissipation theorem linking thermal 
fluctuations and the response to a small driving in microreversible systems (i.e. systems 
obeying detailed balance) [117], which supports the Gaussian character of the noise 
terms aecting the local currents. We identify the dierent thermodynamic forces for 
the KEP, which allows to relate the Onsager’s matrix L(ρ,T ) with the diusivity matrix 
D(ρ,T ), thus leading to a direct relation between D(ρ,T ) and M(ρ,T ). It is important to 
note that the transport coecients entering the diusivity (equivalently Onsager’s) and 
mobility matrices depend nonlinearly on the local particle density and temperature fields 
and on the function f(ε) controlling the energy dependence of the microscopic jump/
collision rate, see below. Note also that the fluctuating hydrodynamic equations (1) and 
(2) capture the possibility of (i) a particle flow in the absence of a density gradient, due 
exclusively to a temperature gradient (Soret eect), and (ii) an energy current due exclu-
sively to the presence of a density gradient (Dufour eect) [117].

The kinetic exclusion process has the additional interest of converging in two 
dierent limits to two key models of nonequilibrium physics, which underlie many of 
the most exciting recent discoveries in nonequilibrium statistical physics. These two 
limiting models are the simple symmetric exclusion process (SSEP) [24, 25, 27, 118] 
on one hand, a cornerstone in the understanding of the physics of diusion, and the 
Kipnis–Marchioro–Presutti (KMP) model of heat conduction [119], a key model in 
transport theory. Groundbreaking exact results have been obtained for both models, 
including the first rigorous derivation of the elusive Fourier’s law of heat conduction 
from microscopic dynamics in the KMP model [119], and one of the very few exact 
determinations of the steady state probability measure in a nonequilibrium system 
[24–27]. The KEP model introduced here, having these two canonical models as well-
defined limits, opens up interesting new avenues of research in the field of exactly-
solvable nonequilibrium models. In particular, it is well-known that both models can 
be mapped onto integrable quantum spin systems [24, 120, 121], a mapping which has 
proven crucial to obtain exact solutions in both cases. This suggests to extend these 
spin mappings to the more general KEP model, with the aim of gaining insights on its 
physics by using techniques developed for integrable quantum systems. In addition, the 
microscopic dynamics of the KEP introduces nonlinear couplings between the dierent 
conserved fields, broadening the possible spectrum of applications and allowing for a 
direct contact with realistic systems where nonlinear interactions are the rule. In par-
ticular, the KEP is an ideal lab to model the physics of compressible quiescent fluids 
[122], and can be trivially generalized to arbitrary dimension.

https://dx.doi.org/10.1088/1742-5468/2019/00/000000
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We note here that there have been several other attempts in literature to construct 
fluctuating hydrodynamics with two (or even three or more) locally-conserved fields 
starting from microscopics, for instance by considering systems with local conservation 
of mass and momentum (rather than energy), see e.g. [1, 33–35, 123–129] and references 
therein; see also [130–132] for integrable systems with many conservation laws. The 
reader may also ponder the interest of the fluctuating hydrodynamics derived in this 
paper at the light of the celebrated Landau–Lifshitz classical fluctuating hydrodynam-
ics, well-established theoretically and tested in detailed experiments based on light and 
neutron scattering methods [122]. First, it is important to note that Landau–Lifshitz 
theory is a phenomenological framework developed to deal with fluctuations in fluids 
in thermodynamic equilibrium states. As such, Landau–Lifshitz theory is a linear theory 
where transport coecients are constant, material-dependent magnitudes. On the other 
hand, nonlinear fluctuating hydrodynamics theories as the one derived here (with trans-
port coecients depending—usually in a nonlinear manner—on the local values of the 
hydrodynamic fields) are essential to capture most interesting nonequilibrium eects. 
In particular, this nonlinear dependence on local fields is crucial to describe fluctuations 
in fluids in nonequilibrium steady state and the associated universal fat tails and long-
range correlations [133]. Moreover, the dependence of transport coecients on the local 
hydrodynamic fields is also important to understand the large-deviation statistics of 
fluids under nonequilibrium conditions within macroscopic fluctuation theory [23]. In 
this sense, nonlinear fluctuating hydrodynamics supersedes (and includes) the original 
work of Landau and Lifshitz, providing a broader framework to understand nonequi-
librium behavior.

We structure this paper as follows. In section 2 we introduce the kinetic exclusion 
process in detail, paying special attention to the definition of the jump and collision 
rates and their possible dependence on the local energy content. We also discuss the 
two dierent limiting cases mentioned above, i.e. the SSEP and the KMP models. 
Section 3 is devoted to the derivation of the coupled hydrodynamic equations for the 
two relevant conserved fields in terms of the microscopic dynamics. For that purpose, 
we first derive the microscopic balance equation for the density and energy fields in sec-
tion 3.1. Using a local equilibrium approximation for the probability measure described 
in section 3.2, we obtain the constitutive relations for the particle and energy currents 
in section 3.3, leading to the full nonlinear hydrodynamics equations. We then analyze 
the entropy production in the kinetic exclusion process in section 3.4, identifying the 
correct thermodynamic forces and obtaining the associated Onsager’s matrix in terms 
of the diusivity matrix. We also prove here the positivity of entropy production in 
terms of the microscopic dynamics. Section 4 studies the hydrodynamic fluctuations 
which aect both particle and energy currents. We derive the nonlinear amplitudes 
of the noise terms aecting both current fields, as well as their cross-correlations, and 
show that these noises are weak, O(L−1), in the large system size limit. Our results 
explicitly show the connection between the mobility matrix measuring the amplitude of 
current fluctuations and the Onsager’s matrix, proving a fluctuation dissipation theo-
rem and hinting at the Gaussian character of these noise terms. A summary of the main 
results of the paper, together with a physical discussion thereof, is given in section 5. 
Finally, the appendices deal with some technical details that, for the sake of clarity, we 
have preferred to omit in the main text.

https://dx.doi.org/10.1088/1742-5468/2019/00/000000
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2. The kinetic exclusion process

The kinetic exclusion process is a continuous-time Markovian interacting particle sys-
tem defined on a lattice, possibly driven by boundary gradients and characterized by 
particle exclusion and random energy exchanges, which lead to nonlinear coupled mass 
and energy diusion. For simplicity the results in this paper are restricted to one-
dimensional (1d) lattices, though they can be easily extended to arbitrary dimension.

We focus first on periodic boundaries, we discuss below coupling to boundary reser-
voirs. The model is thus defined on a 1d periodic lattice with L sites where N � L par-
ticles evolve in time. Particles are subject to exclusion interactions, so no two particles 
can overlap in the same position. Each lattice site k ∈ [1,L] is hence characterized by 
an occupation number nk,s  =  0,1 at step s of the dynamics. In addition, each particle 

has an energy which determines how it moves in the lattice and collides with neighbor-

ing particles. In this way we can associate an energy εk,s ∈ R+
0  to an occupied site k, 

while empty lattice sites have zero energy. A microscopic configuration at a given time 
step s is hence given by νs = {(nk,s, εk,s), k = 1, . . . ,L}. The dynamics is stochastic and 
Markovian, and proceeds in continuous time as follows. In an elementary step a pair 
of nearest neighbors sites (k, k + 1), identified by the index of its leftmost site k, is ran-
domly chosen with a probability

P (k|νs) =
Θ(nk,s + nk+1,s) f (εk,s + εk+1,s)

L ΩL(νs)
, (5)

where Θ(n) ≡ min(1,n) is 0 if there are no particles at pair (k, k + 1) and 1 otherwise, 
and f(ε) � 0 is a function that captures the energy dependence of the particle stochas-
tic motion. A physically sound choice for this function is f(ε) = εβ with β ∈ R+

0  [134], 
though other choices are also possible. As soon as f  is an increasing function of the 
local energy, particles with higher energy will jump and collide more often, leading to 
a nonlinear and realistic density-energy coupling [117]. The numerator in equation (5) 
defines the transition rate of the continuous-time stochastic dynamics, which obeys 
detailed balance with respect to the equilibrium measure, while the normalization fac-
tor in equation (5) is

ΩL(νs) =
1

L

L∑
k′=1

Θ(nk′,s + nk′+1,s) f (εk′,s + εk′+1,s) , (6)

with the identification of site k  =  L  +  1 with k  =  1 (periodic boundary conditions). The 
L-factor in the denominator has been included to make ΩL(νs) finite in the large system 
size limit L → ∞. The chosen nearest neighbors pair (k, k + 1) must contain at least 
one particle, as empty pairs (��) cannot be selected due to the condition Θ(0) = 0. If 
the chosen pair contains one particle, i.e. either (��) or (��), the particle jumps to the 
neighboring empty site and the local variables are exchanged, i.e. nk,s+1 = nk+1,s and 
nk+1,s+1 = nk,s for the occupation numbers, and εk,s+1 = εk+1,s and εk+1,s+1 = εk,s for the 
energies. On the other hand, if the chosen pair contains two particles (��), they collide 
by randomly exchanging their energy so that the total energy of the pair is conserved, 
i.e. nk,s+1 = nk,s and nk+1,s+1 = nk+1,s and

https://dx.doi.org/10.1088/1742-5468/2019/00/000000
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εk,s+1 = α(εk,s + εk+1,s) ,

εk+1,s+1 = (1− α)(εk,s + εk+1,s) ,
 (7)

with α ∈ [0, 1] a random number with homogeneous probability density function 
(pdf) P (α) = 1. Thus α represents the fraction of the pair total energy which remains 
at site k after the collision. This stochastic energy redistribution mechanism, origi-
nally proposed in [119], has been generalized to a number of mass transport mod-
els [135–137]. In any case, after the jump/collision step, time is incremented by a 
random interval, i.e. τs+1 = τs + δτs/L, with δτs drawn from a Poisson distribution 
P (δτs) = ΩL(νs)

−1 exp[−δτs/ΩL(νs)], so the typical value of the time increment δτs/L 
equals the inverse of the total exit rate from the current microscopic configuration, 
[L ΩL(νs)]

−1.
In case of open boundary conditions, the boundary sites k = 1, L interact with 

external reservoirs located at k = 0, L+ 1, respectively. These reservoirs can exchange 
both energy and particles with the system (macrocanonical case) or only energy (canon-
ical case). We focus now on the more general macrocanonical case, the canonical one 
being very similar. The reservoir sites k = 0, L+ 1 are therefore characterized by a 
chemical potential µl,r and a temperature Tl,r � 0 for the left (l) and right (r) bound-
ary, respectively. To mimic the coupling with the reservoirs, a particle with energy ε 
is injected on site 1 with a rate βl(ε) if the site is empty, or removed from site 1 with 
a rate γl(ε) if the site is occupied (in a similar manner, for site L particles with energy 
ε are injected and removed with rates βr(ε) and γr(ε), respectively). To ensure the 
time-reversivility of the microscopic dynamics, the previous boundary transition rates 
must fulfill the local detailed balance condition [43]. In particular, if j p   =  +1(−1) and 
qp = +ε (−ε) are the particle and energy currents flowing from reservoir p = l, r to 
the system in an injection (removal) event, the local detailed balance condition for the 
boundary rates then reads [43]

z−jp
p eqp/Tpβp(ε) = γp(ε) , (8)

where zp ≡ exp(µp/Tp) is the fugacity of reservoir p = l, r with chemical potential µl,r. 
This leads to the condition βp(ε)/γp(ε) = zp exp(−ε/Tp). A possible choice for the injec-
tion and removal rates at reservoir p = l, r is then

βp(ε) = β0
pe

−ε/Tp , γp(ε) = γ0
p , (9)

with β0
p and γ0

p constants which set the overall timescale for boundary updates. These 
rates then correspond to reservoirs with densities

ρp =
Tpβ

0
p

γ0
p + Tpβ0

p
 (10)

see equation (71) below relating the chemical potential, temperature and density for the 
KEP. These simple rules can be easily modified to take into account thermal boundar-
ies allowing only energy exchanges, and in any case both the transition probability (5) 
and the normalization factor (6) must be suitably modified with the associated bound-
ary terms. Note that for the open case, whenever the boundary temperatures and/
or fugacities are dierent, Tl �= Tr or zl �= zr, the existing gradient typically drives the 
system to a nonequilibrium steady state characterized by non-vanishing currents [117].
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The kinetic exclusion process so defined leads to coupled nonlinear energy and mass 
transport, as described by a non-trivial matrix of transport coecients controlling its 
hydrodynamic behavior that we will characterize below. Moreover, as mentioned in 
the introduction, the KEP contains as limiting cases some of the most paradigmatic 
models of transport in nonequilibrium physics, cornerstones in most of the recent 
breakthroughs in this field, turning the KEP into an ideal ground for further advances. 
For instance, filling the KEP lattice with the maximum number of particles allowed 
(i.e. N  =  L) and setting ρl = 1 = ρr (in case of open boundaries), no particle motion is 
possible due to the exclusion constraint. In this way the only dynamic observable in 
the system is the energy of the particles, which diuses across the chain in contact 
with two boundary reservoirs possibly at dierent temperatures. In the simplest case 
of homogeneous, energy-independent collision rate, i.e. f(ε) = 1 in equation (5) above, 
we recover the standard KMP model of heat conduction [119], while energy-dependent 
rates lead to a recently introduced nonlinear version of this model [138] which can be 
modified to include dissipation [111, 114, 115, 139]. The KMP model of heat transport 
is a pillar in nonequilibrium statistical physics which has been used as a benchmark 
to prove rigorous results (as e.g. the first microscopic exact derivation of Fourier’s law 
[119]) and to test theoretical advances, ranging from the additivity principle for cur-
rent fluctuations [99, 102, 140] or the Gallavotti–Cohen fluctuation theorem [2] and its 
generalizations [14], to the existence of spontaneous symmetry-breaking transitions at 
the fluctuating level [52]. Similarly, a KEP model with arbitrary density and bound-
ary gradients but again with energy-independent jump rates (f(ε) = 1) reduces to the 
symmetric simple exclusion process (SSEP) of particle diusion [24] as far as particle 
degrees of freedom are concerned. This model, considered as the prototypical stochastic 
model for diusive phenomena and a paradigm in nonequilibrium behavior, has been 
instrumental in the discovery of exact results arbitrarily far from equilibrium, Bethe 
ansatz approx imations, the understanding of nonequilibrium phase transitions, growth 
processes and rough interfaces, etc [24, 27, 30]. These interesting limiting cases, whose 
algebraic structure can be understood from their mapping to integrable quantum spin 
models [24, 120, 121], together with the non-trivial energy-density coupling which 
emerges under general jump/collision rules, make the KEP an ideal lab to further 
advance in our understanding of nonequilibrium phenomena and their characterization 
using tools from fluctuating hydrodynamics [133] and macroscopic fluctuation theory 
[16, 23, 61].

3. Hydrodynamics for two conserved fields

3.1. Microscopic balance equations

The dynamics defined for the kinetic exclusion process in the previous section can be 
written now in algebraic terms. With the aim of deriving the model bulk hydrodynamic 
behavior, we focus now for simplicity on the periodic boundary conditions case (open 
boundaries can be taken into account later on via boundary conditions for the hydro-
dynamic fields). Let η = {ν0,ν1, . . .} define a particular trajectory of the stochastic pro-
cess. For a given initial state ν0, this trajectory is fully defined by a sequence of pairs 
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{(ks,αs), s = 1, . . .}, with ks identifying the pair of nearest neighbors randomly drawn 
from the pdf (5) where the jump/collision event happens at step s, and αs ∈ [0, 1] being 
a homogeneous random number to be used for the random energy exchange in case of 
a collision in pair ks. For a given trajectory η, the occupation number of an arbitrary 
site i ∈ [1,L] at step s  +  1 can be written as

n
(η)
i,s+1 = n

(η)
i,s (1− δks,i − δks−1,i)

+ n
(η)
i,s n

(η)
i+1,sδks,i + n

(η)
i−1,sn

(η)
i,s δks−1,i

+ (1− n
(η)
i,s ) n

(η)
i+1,sδks,i + (1− n

(η)
i,s ) n

(η)
i−1,sδks−1,i .

 

(11)

The first line in the previous equation accounts for the possibility that the occupa-
tion number of site i remains unchanged at step s because ks �= i, i− 1. The next line 
accounts for the possibility of a collision of a particle at site i with another particle at 
a neighboring site i± 1, while the last line describes a possible jump from (to) site i to 
(from) a neighboring site. Equivalently, and following the same reasoning, the energy 
of site i at step s  +  1 is

ε
(η)
i,s+1 = ε

(η)
i,s (1− δks,i − δks−1,i)

+ αs(ε
(η)
i,s + ε

(η)
i+1,s) n

(η)
i,s n

(η)
i+1,sδks,i

+ (1− αs)(ε
(η)
i,s + ε

(η)
i−1,s) n

(η)
i−1,sn

(η)
i,s δks−1,i

+ ε
(η)
i+1,s(1− n

(η)
i,s ) n

(η)
i+1,sδks,i

+ ε
(η)
i−1,s(1− n

(η)
i,s ) n

(η)
i−1,sδks−1,i .

 

(12)

These expressions can be simplified by grouping together the terms aecting the same 
pair. In this way, the evolution equation for the occupation number simplifies to

n
(η)
i,s+1 − n

(η)
i,s = δks,i−1

(
n
(η)
i−1,s − n

(η)
i,s

)
− δks,i

(
n
(η)
i,s − n

(η)
i+1,s

)
 (13)

or equivalently

n
(η)
i,s+1 − n

(η)
i,s = j

(η)
i−1,s − j

(η)
i,s , (14)

where we have defined the particle current across a pair (i, i+ 1) at step s as

j
(η)
i,s ≡ δks,i

(
n
(η)
i,s − n

(η)
i+1,s

)
. (15)

One can easily check that this definition yields a particle current value of  +1 when-
ever a particle jumps to the right (i → i+ 1), a value  −1 when a particle jumps to the 
left (i+ 1 → i), and 0 otherwise. Equation (14) is a microscopic balance equation for 
the particle number which expresses the local conservation law for this observable. 
Proceeding now in an equivalent manner for the local energy, we obtain another micro-
scopic balance equation

ε
(η)
i,s+1 − ε

(η)
i,s = q

(η)
i−1,s − q

(η)
i,s , (16)

with the energy current q
(η)
i,s  defined as the energy flowing to the right across a given 

pair, i.e.
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q
(η)
i,s ≡ δks,i

[
n
(η)
i,s ε

(η)
i,s − n

(η)
i+1,sε

(η)
i+1,s

+
(
(1− αs)ε

(η)
i+1,s − αsε

(η)
i,s

)
n
(η)
i,s n

(η)
i+1,s

]
.

 
(17)

Table 1 summarizes for concreteness the particle and energy currents involved in each 
type of elementary jump/collision step defined by the initial pair state.

The hydrodynamic or average evolution equations for the local particle and energy 
densities can be now obtained by averaging over all possible trajectories η of the sto-
chastic process, weighted by their corresponding probability. This procedure is then 
equivalent to averaging over all possible sequences of pairs {(ks,αs), s = 1, . . .} of inde-
pendent random numbers ks and αs, each with its probability distribution, and over all 
initial states, weighted by some initial distribution. Averaging in this way the micro-
scopic balance equations (14) and (16) lead to

〈ni〉s+1 − 〈ni〉s = 〈 ji−1〉s − 〈 ji〉s , (18)

〈εi〉s+1 − 〈εi〉s = 〈qi−1〉s − 〈qi〉s , (19)
where we have defined the average 〈Ai〉s of an arbitrary local observable Ai(ν; ks,αs) 
associated to pair i = (i, i+ 1) as

〈Ai〉s =
∑

ν,ks,αs

Ai(ν; ks,αs) P (ks|ν) P (ν; s) ,
 (20)

where P (ν; s) is the probability of finding the system in configuration ν at step s, and 
we have already used that P (αs) = 1. Note that we have simplified our notation by 
dropping the trajectory superindex η and the time step subindex s in the state vari-
ables. For configurational observables, as e.g. Ai(ν) = ni or εi, we simply have that 
〈Ai〉s =

∑
ν Ai(ν) P (ν; s) due to the normalization of P (ks|ν). On the other hand, from 

the definitions (15) and (17) above, the average currents can be written as

〈 ji〉s =
1

L

〈
(ni − ni+1) f(εi + εi+1)

ΩL(ν)

〉

s

, (21)

〈qi〉s =
1

L

〈[
niεi − ni+1εi+1 +

1
2
(εi+1 − εi)nini+1

]
f(εi + εi+1)

ΩL(ν)

〉

s

, (22)

after performing explicitly the averages with respect to ks and αs (note in particular 
that 〈αs〉 = 1/2 = 1− 〈αs〉). We will be interested below in the large system size limit 
L → ∞ where we expect the previous averages to become smooth functions of the 
diusively-scaled space and time variables, x and t, namely

Table 1. Particle and energy currents involved in an elementary collision/jump 
event given the initial state.

�� �� �� ��

j
(η)
i,s

0 +1 −1 0

q
(η)
i,s ε

(η)
i,s − αs

(
ε
(η)
i,s + ε

(η)
i+1,s

)
+ε

(η)
i,s −ε

(η)
i+1,s

0
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x(i) ≡ i

L
, ∆x ≡ x(i+ 1)− x(i) =

1

L
, (23)

with x ∈ [0, 1] in the continuum limit, and

t(s) ≡ 〈τs〉s
L2

= L−3

s−1∑
n=0

〈δτ〉n , (24)

where τs is the microscopic time at step s, and

〈δτ〉n ≡ lim
L→∞

〈Ω−1
L 〉n . (25)

This average has a well-defined, finite value in the L → ∞ limit, and defines a sort of 
microscopic time scale which depends explicitly on the choice of the collision rate func-
tion f(εi + εi+1) in equation (5). In this diusive scaling limit we hence expect the local 
average particle and energy densities, 〈ni〉s and 〈εi〉s, to be replaced by continuous fields 
ρ(x, t) and ε(x, t) ≡ ρ(x, t)T (x, t), respectively, with T (x, t) a local temperature field, 
while the average particle and energy currents are expected to scale as

〈 ji〉s →
〈δτ〉s
L2

j(x, t) , 〈qi〉s →
〈δτ〉s
L2

q(x, t) . (26)

This scaling, that will be demonstrated below, can be easily read from equations (21) and 
(22) by noting the discrete spatial derivatives of particle and energy densities which appear 
in their numerator, that will give rise to an extra L−1 scaling in the continuum limit, 
leading to an overall L−2 scaling for the current fields. In this way, taking into account 
that 〈ni〉s+1 − 〈ni〉s → 〈δτ〉sL−3∂tρ(x, t) and 〈 ji−1〉s − 〈 ji〉s → −〈δτ〉sL−3∂xj(x, t), and 
similarly for the energy balance, we arrive at two macroscopic balance equations for 
the particle and energy density (or equivalently temperature) fields in terms of their 
current fields

∂tρ(x, t) + ∂xj(x, t) = 0 , (27)

∂t [ρ(x, t)T (x, t)] + ∂xq(x, t) = 0 . (28)
The task remains to deduce the constitutive relations for the particle and energy cur-
rent fields in terms of the density fields ρ(x, t) and T (x, t), starting from their micro-
scopic expressions in equations (21) and (22). This challenge can be achieved within a 
local equilibrium approximation for the microscopic probability measure.

3.2. Local equilibrium approximation

Following Bogoliubov’s picture on the emergence of hydrodynamic behavior in fluids 
[117, 133], we expect in the large system size limit L → ∞ a strong separation of time 
scales between (a) a microscopic scale, of the order of a few typical times 〈δτ〉s, in which 
the system of interest relaxes locally to an equilibrium-like state characterized by a 
local and instantaneous average particle density 〈ni〉s and energy density 〈εi〉s, and (b) a 
much longer macroscopic time scale over which these local average fields relax to their 
stationary values as dictated by the hydrodynamic equations (27) and (28). If this is the 
case, we expect that for times well beyond the microscopic time scale the probability 
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measure P (ν; s) of a configuration ν at step s can be approximated by a local equilib-
rium probability measure with respect to the instantaneous local fields, the corrections 
to this approximation being weak, i.e. of order at most L−1, namely

P (ν; s) ≈ PLE(ν; s) +O(L−1) . (29)

In what follows we will adopt this local equilibrium approximation to perform the aver-
ages in equations (21) and (22), neglecting the subdominant corrections to the leading 
hydrodynamic behavior. Note however that these weak O(L−1) corrections to local 
equilibrium are typically nonlocal and long-ranged [21, 26, 102, 141, 142], being crucial 
to understand some of the key properties of nonequilibrium steady states [23]. In this 
sense the previous approximation will be accurate as far as local observables are con-
cerned (as is the case here), but might fail when considering global observables involving 
regions of size O(L) of the whole system [21, 26, 102, 141, 142].

Let νj ≡ (nj, εj) be the local state of site j  when the total system is in configuration 
ν. The local equilibrium probability PLE(ν; s) is a product measure

PLE(ν; s) =
L∏

j=1

P
( j)
LE (νj; s) , (30)

with P
( j)
LE (νj; s) depending on j  and s via the instantaneous local fields 〈nj〉s and 

〈Tj〉s ≡ 〈εj〉s/〈nj〉s. We may use Bayes theorem now to write

P
( j)
LE (νj; s) ≡ P

( j)
LE (nj, εj; s) = P

( j)
LE (nj; s) P

( j)
LE (εj|nj; s) . (31)

The local occupation number distribution can be simply written as

P
( j)
LE (nj; s) =

{
〈nj〉s for nj = 1

1− 〈nj〉s for nj = 0 (32)

while the conditional energy probability distribution is

P
( j)
LE (εj|nj; s) =

{
〈Tj〉−1

s e−εj/〈Tj〉s for nj = 1

δ(εj) for nj = 0
 (33)

i.e. a local Gibbs measure with temperature 〈Tj〉s if site j  is occupied, or a Dirac delta-
function at zero energy otherwise. The binary character of the occupation number vari-

able can be now used to write P
( j)
LE (νj; s) in a compact form

P
( j)
LE (νj; s) = nj

〈nj〉s
〈Tj〉s

e−εj/〈Tj〉s + (1− nj)(1− 〈nj〉s)δ(εj). (34)

Note that this local equilibrium approximation is a particular form of mean–field approx-
imation where the possible spatial correlations between adjacent sites are neglected. As 
discussed above, these correlations are expected to be O(L−1) and hence can be safely 
neglected for local averages (though this point can be only settled in detailed numerical 
simulations testing the emerging hydrodynamic picture [134]). In the next section we 
will use the local equilibrium picture here introduced to derive closed expressions for 
the average particle and energy currents, equations (21) and (22), in terms of the den-
sity and energy fields and their gradients.
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3.3. Constitutive relations and hydrodynamics

In the course of this paper we will confront dierent averages with the common form

I ≡ 1

L

〈
g(νi,νi+1) f(εi + εi+1)

ΩL(ν)

〉

s

, (35)

with g(νi,νi+1) = g[(ni, εi), (ni+1, εi+1)] some function of the local state variables at 
pair (i, i+ 1), see e.g. equations (21) and (22) for the average currents above. Let 
ν
î,i+1

 be the microscopic configuration of a system with L  −  2 sites which results from 
configuration ν after removing sites i and i  +  1. The previous average can be written as

I =
1

L

∑
νi,νi+1

g(νi,νi+1) f(εi + εi+1)P
(i)
LE(νi; s)P

(i+1)
LE (νi+1; s)

∑
ν
î,i+1

Ω−1
L (ν)PLE(ν î,i+1

; s) ,
 (36)

where we have already used the product form of the local equilibrium measure. The 
normalization factor ΩL(ν), defined in equation (6) and proportional to the total exit 

rate from configuration ν, can be now related with the normalization factor ΩL−2(ν î,i+1
) 

of the remnant configuration which results from ν after removing sites i and i  +  1. The 
latter can we written, see equation (6), as

ΩL−2(ν î,i+1
) =

1

L− 2

[
i−2∑
�=1

Θ(n� + n�+1) f (ε� + ε�+1) + Θ(ni−1 + ni+2) f (εi−1 + εi+2)

+
L∑

�=i+2

Θ(n� + n�+1) f (ε� + ε�+1)

]
,

 

(37)

where the possibility of a jump/collision event involving sites i  −  1 and i  +  2, which 
are now neighbors in the remnant configuration ν

î,i+1
, is reflected in the middle of the 

previous equation. In this way, we find that

ΩL(ν) =
L− 2

L
ΩL−2(ν î,i+1

) +
1

L

[
i+1∑

�=i−1

Θ(n� + n�+1) f (ε� + ε�+1)−Θ(ni−1 + ni+2) f (εi−1 + εi+2)

]
,

 (38)
or equivalently ΩL(ν) ≈ ΩL−2(ν î,i+1

) +O(L−1). Therefore, going back to the partial 
average appearing at the end of equation (36), we have∑

ν
î,i+1

Ω−1
L (ν)PLE(ν î,i+1

; s) ≈ 〈Ω−1
L−2〉s +O(L−1) ,

 (39)

which in the large size limit yields

lim
L→∞

〈Ω−1
L−2〉s = lim

L→∞
〈Ω−1

L 〉s = 〈δτ〉s , (40)

i.e. the microscopic time scale defined in equation (25). In this limit, the average of 
interest (35) hence boils down to the following two-body problem

I =
〈δτ〉s
L

〈g(νi,νi+1) f(εi + εi+1)〉s , (41)
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with

〈g(νi,νi+1) f(εi + εi+1)〉s =
∑

νi,νi+1

g(νi,νi+1) f(εi + εi+1)P
(i)
LE(νi; s) P

(i+1)
LE (νi+1; s)

=
∑

ni,ni+1=0,1

∫ ∞

0

dεidεi+1 g[(ni, εi), (ni+1, εi+1)] f(εi + εi+1)P
(i)
LE(ni, εi; s)P

(i+1)
LE (ni+1, εi+1; s) .

 (42)

where we have made explicit the dependence on the state variables in the second line 
of the equation.

To further proceed, we now explicitly apply the local equilibrium approximation of 
the previous section to compute this average, that will depend on the local density and 
temperature fields evaluated at the sites of interest, (i, i+ 1), see equation (34). In order 
to be consistent with the continuum limit introduced in section 3.1, we now assume 
that the local changes in the density and temperature fields across infinitesimally sepa-
rated regions are small, namely 〈ni+1〉s − 〈ni〉s = O(L−1) and 〈Ti+1〉s − 〈Ti〉s = O(L−1). 
In this way, recalling that the spatial separation between nearby points in the diusive 
scale is ∆x = 1/L, see equation (23), we can write

〈ni+1〉s = 〈ni〉s +
1

L

〈ni+1〉s − 〈ni〉s
∆x

≈
L�1

ρ+
1

L
∂xρ , (43)

where ρ = ρ(x, t) with x  =  i/L and t = 〈τs〉s/L2, and similarly 〈Ti+1〉s ≈ T + 1
L
∂xT . We 

now may use these expressions to expand the local equilibrium measure at site i  +  1 up 
to first order in L−1, see equations (34) and (42),

P
(i+1)
LE (ni+1, εi+1; s) = ni+1e

−εi+1/T
ρ

T

[
1 +

∂xρ

Lρ
−

(
1− εi+1

T

) ∂xT

LT

]
+ (1− ni+1)(1− ρ)δ(εi+1).

 (44)
We hence find that the local equilibrium probability of a given state for the pair 
(i, i+ 1) can be naturally splitted as

P
(i)
LE(νi; s) P

(i+1)
LE (νi+1; s) = nini+1P

��
LE (εi, εi+1; s) + ni(1− ni+1)P

��
LE (εi, εi+1; s)

+ (1− ni)ni+1P
��
LE (εi, εi+1; s) + (1− ni)(1− ni+1)P

��
LE (εi, εi+1; s) ,

 (45)
with the definitions

P��
LE (εi, εi+1; s) =

ρ2

T 2

[
1 +

∂xρ

Lρ
−

(
1− εi+1

T

) ∂xT

TL

]
e−(εi+εi+1)/T (46)

P��
LE (εi, εi+1; s) =

ρ

T

(
1− ρ− ∂xρ

L

)
e−εi/T δ (εi+1) (47)

P��
LE (εi, εi+1; s) =

ρ

T
(1− ρ)

[
1 +

∂xρ

Lρ
−

(
1− εi+1

T

) ∂xT

TL

]
δ (εi) e

−εi+1/T
 (48)
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P��
LE (εi, εi+1; s) = (1− ρ)

(
1− ρ− ∂xρ

L

)
δ (εi) δ (εi+1) (49)

where we recall again that ρ = ρ(x, t) and T = T (x, t). We are now in position to com-
pute explicitly the average particle and energy currents within the local equilibrium 
approximation, see equations (21) and (22). As a consequence of the previous splitting 
of the local equilibrium probability measure, we can write the average particle current, 
see equations (21) and (42), as

〈 ji〉s = 〈 ji〉��
s + 〈 ji〉��

s , (50)
since 〈 ji〉��

s = 0 = 〈 ji〉��
s  due to the (ni − ni+1) term in equation (21). The first of the 

two non-zero contributions to the average particle current is

〈 ji〉��
s =

〈δτ〉s
L

∫ ∞

0

dεidεi+1f(εi + εi+1)P
��
LE (εi, εi+1; s)

=
〈δτ〉s
L

ρ

(
1− ρ− ∂xρ

L

)
F0(T ) ,

 (51)

see equation (47), where we have defined a generic integral

Fn(T ) ≡
∫ ∞

0

dy e−yynf(Ty) , (52)

after a change of variables y = εi/T  in the last equality. Similarly

〈 ji〉��
s = −〈δτ〉s

L
ρ (1− ρ)

[(
1 +

∂xρ

Lρ
− ∂xT

LT

)
F0(T )

+
∂xT

LT
F1(T )

]
.

 (53)

Note that a simple integration by parts allows to relate the functions Fn(T) and Fn+1(T) 
in a recurrent manner, namely

Fn+1(T ) = (n+ 1)Fn(T ) + TF ′
n(T ) , (54)

with ′ denoting derivative with respect to the argument. Putting all together, we find 
for the average particle current

〈 ji〉s =
〈δτ〉s
L2

[−F0(T )∂xρ− ρ(1− ρ)F ′
0(T )∂xT ] , (55)

which confirms the heuristic scaling anticipated in equation (26). In this way, the con-
stitutive relation for the particle current field in the diusive scaling limit is just

j(x, t) = −D11(T )∂xρ(x, t)−D12(ρ,T )∂xT (x, t) , (56)
with the following transport coecients

D11(T ) = F0(T ) , (57)

D12(ρ,T ) = ρ(1− ρ)F ′
0(T ) , (58)
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which depend nonlinearly on the local particle density and temperature fields, ρ(x, t) 
and T (x, t) respectively, and on the function f(ε) controlling the energy dependence of 
the microscopic jump/collision rate. Note that the constitutive relation (56) captures 
the possibility of a particle flow in the absence of a density gradient, due exclusively to 
a temperature gradient. This is the well-known Soret eect [117].

An equivalent calculation for the average energy current (22), summarized in appen-
dix A, leads to 〈qi〉s = 〈δτ〉sL−2q(x, t), with

q(x, t) = −D21(T )∂xρ(x, t)−D22(ρ,T )∂xT (x, t) , (59)
with the additional transport coecients

D21(T ) = TF1(T ) , (60)

D22(ρ,T ) = ρ(1− ρ)[F2(T )− F1(T )] +
ρ2

12
F3(T ). (61)

This shows that an energy current due exclusively to the presence of a density gradient 
(Dufour eect [117]) may appear in the kinetic exclusion process. The previous consti-
tutive relations for the particle and energy current fields can be written in an unified 
way using vector notation, namely

(
j

q

)
= −D(ρ,T )

(
∂xρ

∂xT

)
, (62)

with a transport coecients matrix

D(ρ,T ) =
(
D11(T ) D12(ρ,T )

D21(T ) D22(ρ,T )

)
. (63)

This is just a generalized Fick–Fourier’s law [117] which, together with the continuity 
equations (27) and (28) for the density and temperature fields, result in the following 
hydrodynamic equations for the kinetic exclusion process

∂t

(
ρ

ρT

)
− D(ρ,T )∂x

(
ρ

T

)
= 0 . (64)

3.4. Entropy production and Onsager matrix

In accordance with our local equilibrium hypothesis, we expect thermodynamic rela-
tions to hold locally in our system. In particular, we expect a local version of the Gibbs 
relation linking variations of entropy s̃, internal energy ε = ρT , specific volume v and 
density ρ to remain valid [117], i.e.

dε = Tds̃− pdv + µdρ (65)
with µ the chemical potential and p  the pressure. Taking into account that the size of 
our system is kept fixed at any moment, so dv = 0, we can write

∂ts̃ =
1

T
∂t(ρT )−

µ

T
∂tρ , (66)
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and using here the continuity equations (27) and (28) derived in previous sections for 
the local energy and density fields, we find

∂ts̃ = − 1

T
∂xq +

µ

T
∂xj

= −∂x

( q

T
− µ

T
j
)
+ q∂x

(
1

T

)
+ j∂x

(
−µ

T

)
,

 
(67)

where we have used the chain rule in the second equality. This expression has the typi-
cal form of an entropy balance equation ∂ts̃ = −∂xJs̃ + σ, which allows us to identify 
the entropy flux Js̃ from the environment and the entropy production σ due to the 
irreversible phenomena occurring within the system [117],

Js̃ =
q

T
− µ

T
j (68)

σ = q∂x

(
1

T

)
+ j∂x

(
−µ

T

)
. (69)

Note that the entropy production term has the standard form σ =
∑

k jkXk, i.e. it 
is proportional to the currents of dierent magnitudes times their corresponding   
thermodynamic forces, which can be now readily identified from equation (69). In par-
ticular, X1 = ∂x(−µ/T ) and X2 = ∂x(1/T ). Moreover, the currents are in turn pro-
portional to these thermodynamic forces, jk =

∑
� Lk�X�, so the entropy production 

becomes a quadratic form of the thermodynamic forces, σ =
∑

k,� Lk�XkX�. The factors 
Lk�(ρ,T ) define the well-known Onsager matrix L(ρ,T ) of phenomenological coecients 
[117].

In order to identify the Onsager matrix, we need to write the particle and energy 
currents in terms of the thermodynamic forces X1 = ∂x(−µ/T ) and X2 = ∂x(1/T ), and 
to do so we need to compute the chemical potential µ for the kinetic exclusion process. 
This can be achieved in a number of dierent ways, the simplest for our purposes here 
being −µ/T = (∂s̃/∂ρ)ε,v, see equation (65). The entropy density s̃ can be calculated 

from the Gibbs entropy expression s̃ = −
∑

νi
P

(i)
LE(νi; s) lnP

(i)
LE(νi; s), leading to

s̃ = −(1− ρ) ln(1− ρ)− 2ρ ln ρ+ ρ ln ε+ ρ . (70)
In this way

−µ

T
= ln

[
T (1− ρ)

ρ

]
, (71)

so the thermodynamic force associated to the particle density is X1 = ∂x(−µ/T ) =   
T−1∂xT − [ρ(1− ρ)]−1∂xρ. We hence find

j = − L11

ρ(1− ρ)
∂xρ−

(
L12

T 2
− L11

T

)
∂xT ,

q = − L21

ρ(1− ρ)
∂xρ−

(
L22

T 2
− L21

T

)
∂xT ,

and comparing these expressions with the Fick–Fourier’s law derived in the previous 
section, see equations (56) and (59), we arrive at
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L11(ρ,T ) = ρ(1− ρ)F0(T )

L12(ρ,T ) = ρ(1− ρ)TF1(T ) = L21(ρ,T )

L22(ρ,T ) = ρ(1− ρ)T 2F2(T ) +
ρ2T 2

12
F3(T ) ,

 

(72)

which define the phenomenological coecients of Onsager (symmetric) matrix.
To ensure the positivity of the entropy production, σ � 0, as demanded by the 

second law, the coecients of Onsager matrix must obey certain restrictions [117]. As 

the entropy production is a quadratic form, σ =
∑

k,� Lk�XkX�, sucient conditions to 
guarantee its positivity [117] are Lii � 0 for i = 1, 2 and L11L22 � 1

4
(L12 + L21)

2, which 

lead to

F0(T ) � 0 , (73)

F2(T ) +
ρ

12(1− ρ)
F3(T ) � 0 , (74)

F0(T )

[
F2(T ) +

ρ

12(1− ρ)
F3(T )

]
� F1(T )

2 . (75)

The first two conditions above, equations (73)–(74), are automatically verified once 
taken into account the definition (52) of the functions Fn(T), the positivity of the func-
tion f(ε), and the density domain, 0 � ρ � 1. On the other hand, condition (75) must 
be fulfilled ∀ T , ρ to guarantee a positive entropy production term. In this way, notic-
ing that ρ/(1− ρ) is a monotonously increasing function of the density in the interval 
0 � ρ � 1, equation (75) will be satisfied ∀ T , ρ if and only if

F0(T )F2(T ) � F1(T )
2 ∀T , (76)

or equivalently F2(T )/F0(T ) � [F1(T )/F0(T )]
2. Noting that Fn(T )/F0(T ) is nothing 

but the nth moment of the normalized pdf exp(−y) f(Ty)/F0(T ), condition (76) just 
expresses the possitivity of the variance of such pdf, and hence it is automatically 
satisfied for all functions f(ε) leading to finite values for the integral Fn(T), n � 2. This 
proves the positivity of entropy production in the kinetic exclusion process.

4. Hydrodynamic fluctuations

Up to now we have obtained the macroscopic hydrodynamic equations governing the 
evolution of the kinetic exclusion process for suciently large spatial and temporal 
scales. We now want to characterize the unavoidable local fluctuations of the current 
fields which accompany this evolution, i.e. we want to deduce from the microscopic 
dynamics and within the local equilibrium approximation the fluctuating hydrodynam-
ics which describe the kinetic exclusion process at a mesoscopic level. These fluctuations 
will appear as noise terms perturbing the local current fields, and we will argue below 
that such noises are white and Gaussian. Moreover, these noises will be shown to be 
weak, in the sense that their amplitudes scale as ∼ O(L−1/2) in the large system size 
limit L � 1.
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In order to proceed, we first have to split the microscopic currents j i,s and qi,s of 
section 3.1, see equations (15) and (17), into some main terms, j̄i,s and q̄i,s respectively, 
and their corresponding noises, ξi,s and ζi,s, i.e.

ji,s = j̄i,s + ξi,s , (77)

qi,s = q̄i,s + ζi,s . (78)
The main terms in the previous splitting must be configurational observables, i.e. sole 
functions of the local state variables (occupation numbers and energies), and indepen-
dent of the jump/collision parameters (ks,αs) at step s. Moreover, their average over 
trajectories must coincide with that of the microscopic currents, i.e. 〈 ji〉s = 〈j̄i〉s and 
〈qi〉s = 〈q̄i〉s. It is clear from equations (21) and (22) that the choice

j̄i,s ≡
1

LΩL(ν)
(ni,s − ni+1,s) f(εi,s + εi+1,s) , (79)

q̄i,s ≡
1

LΩL(ν)

[
ni,sεi,s − ni+1,sεi+1,s

+
1

2
(εi+1,s − εi,s)ni,sni+1,s

]
f(εi,s + εi+1,s) ,

 (80)

guarantees these constraints on the averages. This is nothing but the microscopic ver-
sion of Fick–Fourier’s law (62) expressing the proportionality between the microscopic 
particle and heat currents and the associated instantaneous density and energy local 
gradients. It is important to stress the dierences between the exact microscopic cur-
rents j i,s and qi,s and the main terms j̄i,s and q̄i,s in the splitting of equations (77) and 
(78). Indeed, while j i,s and qi,s are exactly zero unless a jump/collision event happens at 
pair (i, i+ 1) at time step s, the values of j̄i,s and q̄i,s may take a non-trivial, non-zero 
value even if nothing happens at pair (i, i+ 1) at time step s.

We want to study the statistical properties of the noise terms ξi,s = ji,s − j̄i,s and 
ζi,s = qi,s − q̄i,s as captured by e.g. their average value and correlation matrix. From the 
constraints on the averages, 〈 ji〉s = 〈j̄i〉s and 〈qi〉s = 〈q̄i〉s, it is clear that

〈ξi〉s = 0 , 〈ζi〉s = 0 , (81)
so the noises do not contribute to the average currents, as expected. On the other hand, 
the two-body correlators for the noises can be simply written as

〈ξi,sξ�,s′〉 = 〈 ji,sj�,s′〉 − 〈j̄i,sj̄�,s′〉 , (82)

〈ζi,sζ�,s′〉 = 〈qi,sq�,s′〉 − 〈q̄i,sq̄�,s′〉 , (83)

〈ξi,sζ�,s′〉 = 〈 ji,sq�,s′〉 − 〈j̄i,sq̄�,s′〉 . (84)
Using now the microscopic definition of the particle and energy currents, j i,s and qi,s in 
equations (15) and (17), one can easily prove that the above correlators vanish when 
evaluated at dierent time steps, so that 〈ξi,sξ�,s′〉 = 〈ζi,sζ�,s′〉 = 〈ξi,sζ�,s′〉 = 0 ∀s �= s′, 
meaning that the particle and energy current noises at dierent times are uncorrelated. 
We hence fix from now on s′ = s unless otherwise specified. In this particular case, 
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a glance at the definitions of the main contributions to the currents, equations (79) 
and (80), shows that the second terms in the rhs of the equations (82)–(84) are of 
order 〈j̄ij̄�〉s ∼ 〈q̄iq̄�〉s ∼ 〈j̄iq̄�〉s ∼ O(L−2). We will show below that, in contrast, the first 
terms in the rhs of these equations scale as ∼ O(L−1), rendering negligible the former 
against the latter in the L � 1 limit. Therefore the calculation of the noise correlators 
boils down to computing the averages 〈 jij�〉s, 〈qiq�〉s, and 〈 jiq�〉s.

We start with the simplest case, i.e. that of the particle current noise correla-
tor 〈ξiξ�〉s = 〈 jij�〉s +O(L−2). Using now the microscopic expression for j i,s, see equa-
tion (15), we have that

ji,sj�,s = δks,iδks,� (ni,s − ni+1,s) (n�,s − n�+1,s)

= δi,�δks,i (ni,s − ni+1,s)
2 ,

 (85)

where we recall that index ks indicates the (random) pair where a jump/collision event 
happens at time step s. Note that in the second identity we have used the fact that 
this product of particle currents is exactly zero unless i = � (otherwise at least one of 
the two microscopic particle currents will be exactly zero). As the occupation number 
variables can take only two discrete values, ni  =  0,1, the microscopic squared par-
ticle current (ni,s − ni+1,s)

2 = 0, 1, so we can substitute (ni,s − ni+1,s)
2 = |ni,s − ni+1,s|. 

Averaging now over all possible trajectories, see equation (20), we thus find

〈 jij�〉s = δi,�〈|ji|〉s = δi,� [〈 ji〉��
s − 〈 ji〉��

s ] , (86)
where we have used in the last equality the decomposition of the particle current 
introduced in section 3.3 as a consequence of the splitting of the local equilibrium 

measure P
(i)
LE(νi; s)P

(i+1)
LE (νi+1; s) in terms of the possible local pair configurations, see 

equations (46)–(49). Notice in particular that the (negative) current 〈 ji〉��
s  associated 

to a particle jump to the left enters with a minus sign in the above expression as a 
consequence of the above absolute value, 〈 jij�〉s = δi,�〈|ji|〉s. This detail is responsible 
of defining the leading value of this correlator. In fact, we may use now the expressions 
already derived for 〈 ji〉��

s  and 〈 ji〉��
s  in section 3.3, see equations (51) and (53), to arrive 

at the following formula for the particle current noise correlator in terms of the local 
density and temperature fields,

〈ξiξ�〉s = δi,�
〈δτ〉s
L

2ρ(1− ρ)F0(T ) +O(L−2) . (87)

Here we have already neglected O(L−2) gradient corrections against the dominant 
O(L−1) terms. Notice that the previous expression confirms the O(L−1) scaling of the 
correlators 〈 jij�〉s anticipated above, validating a posteriori our analysis.

Next we focus on the cross-correlation between the particle and energy current 
noises, 〈ξi,sζ�,s〉 = 〈 ji,sq�,s〉+O(L−2). In this case, using the definitions of the micro-
scopic currents equations (15) and (17), and reasoning along the same lines, we have

ji,sq�,s = δi,�δks,i (ni,s − ni+1,s) [ni,sεi,s − ni+1,sεi+1,s

+ ((1− αs)εi+1,s − αsεi,s)ni,sni+1,s]

= δi,� (ni,sεi,s + ni+1,sεi+1,s) ,
 

(88)

where, as above, we have made explicit that this product of particle and energy cur-
rents is exactly zero unless i = �, as well as the fact that the particle-particle collision 
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contribution to this cross-product always vanish since ni,sni+1,s = 1 necessarily implies 
that (ni,s − ni+1,s) = 0. Taking now averages over trajectories, and recalling the decom-
position of the energy current introduced in section 3.3 resulting from the splitting of 
the local equilibrium measure, we find

〈ξi,sζ�,s〉 = δi,� [〈qi〉��
s − 〈qi〉��

s ]

= δi,�
〈δτ〉s
L

2ρ(1− ρ)TF1(T ) +O(L−2) ,
 (89)

where again we have neglected O(L−2) gradient corrections against the dominant 
O(L−1) terms. This expression confirms once more the scaling anticipated above.

We proceed now with the energy current noise correlator 〈ζi,sζ�,s〉 = 〈qi,sq�,s〉+O(L−2). 
From the microscopic expression (17)

qi,sq�,s = δi,�δks,i [ni,sεi,s − ni+1,sεi+1,s

+ ((1− αs)εi+1,s − αsεi,s)ni,sni+1,s]
2 .

 (90)

Averaging now over trajectories and using the same splitting as above, we obtain

〈qi,sq�,s〉 = δi,�
[
〈q2i 〉��

s + 〈q2i 〉��
s + 〈q2i 〉��

s

]
, (91)

and these averages can be calculated now as particular cases of the general two-body 
integral (42) introduced in section 3.3. For the first term we find

〈q2i 〉��
s =

〈δτ〉s
L

∫ ∞

0

dεidεi+1 ε2i f(εi + εi+1)P
��
LE (εi, εi+1; s)

=
〈δτ〉s
L

ρ(1− ρ)T 2F2(T ) +O(L−2) ,

 
(92)

where we have used equation (47) in the second equality, disregarding already sub-
dominant O(L−2) terms. An equivalent calculation for the second term in equation (91) 
leads to the same result, namely

〈q2i 〉��
s =

〈δτ〉s
L

ρ(1− ρ)T 2F2(T ) +O(L−2) = 〈q2i 〉��
s . (93)

The contribution of particle collisions to the energy current correlator is on the other 
hand somewhat more involved. In this case, by taking ni,s = 1 = ni+1,s in the general 
expression for qi,s, we have that

〈q2i 〉��
s =

〈δτ〉s
L

∫ ∞

0

dεidεi+1

∫ 1

0

dαs [(1− αs)εi,s − αsεi+1,s]
2 f(εi + εi+1)P

��
LE (εi, εi+1; s)

=
〈δτ〉s
L

1

3

ρ2

T 2

∫ ∞

0

dεidεi+1(ε
2
i + ε2i+1 − εiεi+1) f(εi + εi+1)e

−(εi+εi+1)/T +O(L−2) ,
 

(94)

where we have used equation (46), neglecting as before O(L−2) terms, together with 
the averages 〈α2

s〉 = 1/3 = 〈(1− αs)
2〉 and 〈αs(1− αs)〉 = 1/6. The last integral can be 

solved in simple terms using a change of variables to polar coordinates, see appendix 

B, and yields a value 1
2
T 4F3(T ), leading to
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〈q2i 〉��
s =

〈δτ〉s
L

1

6
ρ2T 2F3(T ) +O(L−2) . (95)

Putting all together, we obtain for the energy current noise correlator

〈ζi,sζ�,s〉 = δi,�
〈δτ〉s
L

[
2ρ(1− ρ)T 2F2(T ) +

1

6
ρ2T 2F3(T )

]

+O(L−2) .
 (96)

In the diusive scaling limit introduced in section 3.1, see equations (23) and (24), 
we expect the particle and energy current noises to scale in the same way as their corre-
sponding currents, see equation (26), i.e.

ξi,s →
〈δτ〉s
L2

ξ(x, t) , ζi,s →
〈δτ〉s
L2

ζ(x, t) , (97)

so the current fields in the diusive scale can be splitted in a main part and a noise field

j(x, t) = j̄(x, t) + ξ(x, t) , q(x, t) = q̄(x, t) + ζ(x, t) .
 (98)

The main fields j̄(x, t) and q̄(x, t) are given now by the Fick–Fourier’s constitutive rela-
tions (62) and (63), namely

(
j̄

q̄

)
= −D(ρ,T )

(
∂xρ

∂xT

)
. (99)

In addition, by combining equations (87), (89) and (96) with the scaling in (97), we 
obtain for the correlators of the noise fields in the diusive scaling limit

〈ξ(x, t)ξ(x′t′)〉 = 1

L
M11(ρ,T )δ(x− x′)δ(t− t′) ,

〈ξ(x, t)ζ(x′t′)〉 = 1

L
M12(ρ,T )δ(x− x′)δ(t− t′) ,

〈ζ(x, t)ζ(x′t′)〉 = 1

L
M22(ρ,T )δ(x− x′)δ(t− t′) ,

 

(100)

where we have taken into account that

Lδi,� =
δi,�
∆x

→ δ(x− x′) , (101)

L3

〈δτ〉s
δs,s′ =

δs,s′

∆t
→ δ(t− t′) , (102)

where ∆x ≡ 1/L, and ∆t ≡ 〈δτ〉s/L3 is the time interval in the macroscopic diusive 
scale corresponding to a typical microscopic time interval 〈δτ〉s/L, see discussion below 
equation (7). The mobility transport coecients in (100) are defined as

M11(ρ,T ) = 2ρ(1− ρ)F0(T ) ,

M12(ρ,T ) = 2ρ(1− ρ)TF1(T ) = M21(ρ,T ) ,

M22(ρ,T ) = 2ρ(1− ρ)T 2F2(T ) +
1

6
ρ2T 2F3(T ) .

 

(103)
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These transport coecients are the elements of a symmetric mobility matrix M(ρ,T ) 
which controls the coupled fluctuations of the particle and energy current fields. Note 
that, as anticipated at the begining, the noises perturbing the current fields are weak, 
i.e. their correlators are inversely proportional to the system size in the L � 1 limit.

Interestingly, the mobility matrix M(ρ,T ) controlling the amplitude of current 
fluctuations in the KEP can be simply related to the Onsager’s matrix L(ρ,T ) of phe-
nomenological transport coecients in equation (72) associated with the dissipative 
fluxes, namely

M(ρ,T ) = 2L(ρ,T ) . (104)
This is just an expression of the general fluctuation-dissipation theorem linking ther-
mal fluctuations and the response to a small driving in microreversible systems (i.e. 
systems obeying detailed balance) [117]. This theorem can be easily demonstrated 
starting from the time reversibility of the dynamics, with an additional assumption on 
the Gaussian character of the associated fluctuations [117]. In this way, the validity of 
the fluctuation-dissipation theorem for the kinetic exclusion process, that we have just 
demonstrated, strongly supports the Gaussian character of the noise terms aecting the 
local current fields.

5. Summary and conclusions

In this work we have derived the fluctuating hydrodynamics of a new model of trans-
port, the kinetic exclusion process (KEP), characterized by the coupled nonlinear trans-
port of two dierent locally-conserved fields. The kinetic exclusion process consists in 
energetic particles on a lattice subject to exclusion interactions, which jump and col-
lide stochastically with energy-dependent rates. In addition the model can be coupled 
to dierent types of boundary baths, including both energy and particle and energy 
reservoirs, which may drive the system out of equilibrium by introducing temperature 
and/or chemical potential gradients. Starting from the microscopic balance equations, 
we show that at a mesoscopic scale the KEP can be described by two coarse-grained 
fields, namely the particle density ρ(x, t) and a temperature field T (x, t), that evolve in 
time according to a pair of coupled continuity-like Langevin equations. The particle and 
energy current fields can be shown to be proportional to the gradients of the density 
and temperature fields using a local equilibrium approximation in the large system size 
limit, and we determine the transport coecients which fully define these constitutive 
relations. These diusivity transport coecients are explicitly written in terms of the 
microscopic dynamics for the KEP, and are in general nonlinear functions of the local 
fields. Interestingly, the resulting hydrodynamic equations capture the possibility of (i) 
a particle flow in the absence of a density gradient, due exclusively to a temperature 
gradient (Soret eect), and (ii) an energy current due exclusively to the presence of a 
density gradient (Dufour eect) [117]. An analysis of the entropy production in the KEP 
allows us to identify the thermodynamic forces in the problem, from which we obtain 
the associated Onsager’s matrix in terms of the diusivity matrix. Moreover, we prove 
the positivity of entropy production in the KEP. We further analyze the hydrodynamic 
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fluctuations which aect both particle and energy currents, deriving explicit expressions 
for the nonlinear amplitudes of the noise terms aecting both current fields, as well as 
their cross-correlations. This shows that these noises are weak, O(L−1), in the large 
system size limit (L � 1), and connects the mobility matrix measuring the amplitude of 
current fluctuations with the Onsager’s matrix associated to the dissipative fluxes. We 
hence prove a fluctuation-dissipation theorem for the kinetic exclusion process, which 
supports the Gaussian character of current fluctuations as L → ∞.

The kinetic exclusion process here introduced opens up new and exciting avenues 
of research in dierent directions. On one hand the KEP is a stochastic lattice gas 
characterized by two local conservation laws which are coupled nonlinearly, but it is 
still simple enough to be amenable to both analytical calculations and extensive comp-
uter simulations. This suggests to extend and generalize the formalism of macroscopic 
fluctuation theory [23], mostly applied up to now to simpler models with a single con-
servation law, to this more realistic setting, with the sight fixed on fully-hydrodynamic 
models of transport as in e.g. realistic fluids. In particular, we anticipate that the 
KEP will play an important role in the investigation of dynamical phase transitions 
and symmetry-breaking phenomena at the fluctuation level and how they are aected 
by multiple conservation laws. On the other hand, the kinetic exclusion process conv-
erges in two dierent limits to two key models of nonequilibrium physics, namely the 
simple symmetric exclusion process (SSEP) of diusion [24] and the Kipnis–Marchioro–
Presutti (KMP) model of heat conduction [119]. These two models have been pivotal 
in the literature on exact results out of equilibrium, including the first rigorous deriva-
tion of the elusive Fourier’s law of heat conduction from microscopic dynamics in the 
KMP model [119], and one of the very few exact determinations of the steady state 
probability measure in a nonequilibrium system [24, 26]. These results, which should 
appear as limits of the KEP, suggest additional rigorous studies of the kinetic exclusion 
process. In particular, the existing mappings of both the KMP and SSEP models onto 
integrable quantum spin systems [24, 120, 121] invite to seek a generalized spin map-
ping for the KEP which may oer new insights in the field of exactly-solvable models 
of nonequilibrium statistical physics.
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Appendix A. Constitutive relation for the average energy current

In this appendix we compute the average energy current

〈qi〉s =
1

L

〈[
niεi − ni+1εi+1 +

1
2
(εi+1 − εi)nini+1

]
f(εi + εi+1)

ΩL(ν)

〉

s

,

 (A.1)
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see equation (22) in the main text. To perform this average, we use the general expre-
sion (42), namely

1

L

〈
g(νi,νi+1) f(εi + εi+1)

ΩL(ν)

〉

s

=
〈δτ〉s
L

〈g(νi,νi+1) f(εi + εi+1)〉s ,
 (A.2)

with 〈δτ〉s = limL→∞〈Ω−1
L 〉s and

〈g(νi,νi+1) f(εi + εi+1)〉s

=
∑

ni,ni+1=0,1

∫ ∞

0

dεidεi+1 g[(ni, εi), (ni+1, εi+1)] f(εi + εi+1) P
(i)
LE(ni, εi; s)P

(i+1)
LE (ni+1, εi+1; s) .

 (A.3)

For the energy current, the local function to average is

g(νi,νi+1) = niεi − ni+1εi+1 +
1

2
(εi+1 − εi)nini+1 . (A.4)

Splitting the local equilibrium probability measure for a given state of pair (i, i+ 1) as 
was done in equation (45) of the main text leads to

〈qi〉s = 〈qi〉��
s + 〈qi〉��

s + 〈qi〉��
s , (A.5)

where the dierent contributions are

〈qi〉��
s =

〈δτ〉s
L

∫ ∞

0

dεidεi+1 εif(εi + εi+1)P
��
LE (εi, εi+1; s) , (A.6)

〈qi〉��
s = −〈δτ〉s

L

∫ ∞

0

dεidεi+1 εi+1f(εi + εi+1)P
��
LE (εi, εi+1; s) , (A.7)

〈qi〉��
s = −〈δτ〉s

2L

∫ ∞

0

dεidεi+1 (εi − εi+1) f(εi + εi+1)P
��
LE (εi, εi+1; s) . (A.8)

Using here the definitions (46)–(49) for the particular local equilibrium probabilities, we 
find for the first two contributions

〈qi〉��
s =

〈δτ〉s
L

ρT

(
1− ρ− ∂xρ

L

)
F1(T ) , (A.9)

〈qi〉��
s = −〈δτ〉s

L
ρ (1− ρ)T

[(
1 +

∂xρ

Lρ
− ∂xT

LT

)
F1(T ) +

∂xT

LT
F2(T )

]
, (A.10)

where we recall the definition of the Fn(T) functions

Fn(T ) ≡
∫ ∞

0

dy e−yynf(Ty) . (A.11)
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Finally, the average energy current due to particle collisions can be written as

〈qi〉��
s = −〈δτ〉s

2L

ρ2

T 2

[(
1 +

∂xρ

Lρ

)∫ ∞

0

dεidεi+1 (εi − εi+1) f (εi + εi+1) e
−(εi+εi+1)/T

− ∂xT

LT

∫ ∞

0

dεidεi+1 (εi − εi+1)
(
1− εi+1

T

)
f (εi + εi+1) e

−(εi+εi+1)/T

]
.

 (A.12)
The first integral in the previous equation is clearly zero due to the antisymmetric 
character of the integrand under the exchange of the dummy integration variables, 
εi ↔ εi+1. On the other hand, the second integral (denoted now as I��) can be symme-
trized by noting that the integral

I∗�� ≡
∫ ∞

0

dεidεi+1 (εi+1 − εi)
(
1− εi

T

)
f (εi + εi+1) e

−(εi+εi+1)/T , (A.13)

is exactly equal to I��, as it is obtained from I�� by exchanging the dummy integration 

variables, εi ↔ εi+1. In this way I�� = 1
2

(
I�� + I∗��

)
, and we obtain

〈qi〉��
s =

〈δτ〉s
4L

ρ2
∂xT

LT 4

∫ ∞

0

dεidεi+1 (εi − εi+1)
2 f (εi + εi+1) e

−(εi+εi+1)/T . (A.14)

This integral can be now computed in polar coordinates (r,φ) by changing variables so 
that 

√
εi = r cosφ and 

√
εi+1 = r sinφ, with r ∈ [0,∞) and φ ∈ [0, π/2]. The Jacobian of 

this transformation is J = 4r3 cosφ sinφ, and the average collision current simplifies to

〈qi〉��
s = −〈δτ〉s

L2

ρ2

T 4
∂xT

[∫ π
2

0

dφ cos2(2φ) cosφ sinφ

]

︸ ︷︷ ︸
1/6

∫ ∞

0

dr r7f
(
r2
)
e−r2/T = −〈δτ〉s

L2

ρ2

12
F3(T )∂xT ,

 (A.15)
where we have changed variables to y   =  r2/T in the last equality, which leads to a F3(T) 
function, see equation (A.11) above. Putting all terms together, see equation (A.5), we 
find

〈qi〉s =
〈δτ〉s
L2

{
−TF1(T )∂xρ−

(
ρ(1− ρ)[F2(T )− F1(T )] +

ρ2

12
F3(T )

)
∂xT

}
.

 (A.16)
This expression confirms again the heuristic scaling anticipated in the main text, see 
equation (26), and leads to the following constitutive relation for the energy current 
field in the diusive scaling limit

q(x, t) = −D21(T )∂xρ(x, t)−D22(ρ,T )∂xT (x, t) , (A.17)
with the following transport coecients

D21(T ) = TF1(T ) , (A.18)

D22(ρ,T ) = ρ(1− ρ)[F2(T )− F1(T )] +
ρ2

12
F3(T ) . (A.19)
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Note that the constitutive relation (A.17) captures the possibility of an energy flow in 
the absence of a temperature gradient, due exclusively to a density grandient. This is 
the well-known Dufour eect [117].

Appendix B. Integral for the collision contribution to the energy current 
correlator

In this appendix we compute the contribution of particle collisions to the energy cur-
rent correlator. As explained in the main text, see equation (94) and the associated 
discussion, this contribution is captured by the following integral

〈q2i 〉��
s =

〈δτ〉s
L

∫ ∞

0

dεidεi+1

∫ 1

0

dαs [(1− αs)εi,s − αsεi+1,s]
2 f(εi + εi+1)P

��
LE (εi, εi+1; s)

=
〈δτ〉s
L

1

3

ρ2

T 2

∫ ∞

0

dεidεi+1(ε
2
i + ε2i+1 − εiεi+1) f(εi + εi+1)e

−(εi+εi+1)/T +O(L−2) ,
 (B.1)

where we have used equation (46), neglecting subdominant O(L−2) terms, together 
with the averages 〈α2

s〉 = 1/3 = 〈(1− αs)
2〉 and 〈αs(1− αs)〉 = 1/6. The last integral can 

be solved in simple terms using a change of variables to polar coordinates. In particular 
we now define, as in appendix A, 

√
εi = r cosφ and 

√
εi+1 = r sinφ, with r ∈ [0,∞) and 

φ ∈ [0, π/2]. The Jacobian of this transformation is J = 4r3 cosφ sinφ, and the above 
integral transforms into

〈q2i 〉��
s =

〈δτ〉s
L

4ρ2

3T 2

∫ π
2

0

dφ cosφ sinφ
(
cos4 φ+ sin4 φ− cos2 φ sin2 φ

) ∫ ∞

0

dr r7e−r2/Tf
(
r2
)
+O(L−2)

=
〈δτ〉s
L

4

6
ρ2T 2

[∫ π
2

0

dφ cosφ sinφ
(
1− 3 cos2 φ sin2 φ

)]

︸ ︷︷ ︸
1/4

∫ ∞

0

dy y3e−yf (Ty) +O(L−2) ,

 

(B.2)

where we have used that cos4 φ+ sin4 φ− cos2 φ sin2 φ = 1− 3 cos2 φ sin2 φ in the angular 
integral, which can be now solved easily, as well as the change of variable y   =  r2/T in 
the radial integral, which now corresponds to the F3(T) function, see general definition 
in e.g. equation (A.11). In this way, the integral of interest leads to the final result

〈q2i 〉��
s =

〈δτ〉s
L

1

6
ρ2T 2F3(T ) +O(L−2) . (B.3)
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