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DYNAMIC  PHASE  TRANSITIONS
Phase transitions (1st- and 2nd-order) are ubiquitous in nature.

Ideas extended to ßuctuations, where dynamic phase transitions (DPTs) have 
been identiÞed in the trajectory statistics of classical and quantum systems

DPTs appear when conditioning a system to have a Þxed value of some time-
integrated observable, such as, e.g., the current or the activity
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Phase transitions (1st- and 2nd-order) are ubiquitous in nature.

Ideas extended to ßuctuations, where dynamic phase transitions (DPTs) have 
been identiÞed in the trajectory statistics of classical and quantum systems

DPTs appear when conditioning a system to have a Þxed value of some time-
integrated observable, such as, e.g., the current or the activity

Dynamical phases correspond to different types of trajectories : some may 
display emergent order, collective rearrangements, and symmetry-breaking

The large deviation functions (LDFs) controlling the statistics of these ßuctuations 
exhibit nonanalyticities and Lee-Yang singularities at the DPT reminiscent of 
standard critical behavior 

!
Kipnis-Marchioro-Presutti (KMP) model

PH&Garrido, PRL 107, 180601 (2011)
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WHY  TO  STUDY  DPTÕS ?

LDFs play a role akin to thermodynamic potentials for nonequilibrium systems, 
so their nonanalyticities are interesting

Rare events far more probable than anticipated due to self-organized structures

Control-theory (or active) interpretation of ßuctuations allows to see DPTs as 
singular changes in optimal control Þeld (experimentally observable)

May help understanding some elusive phenomena, e.g. glass transition

Hedges, Jack, Garrahan & Chandler, Science 323, 1309 (2009)
(see also Pinchaipat et al, PRL 119, 028004 (2017) for experiments) Hedges (2009)



However, study of DPTs mostly restricted to 1d models or ßuctuations of scalar 
observables in d>1

Challenge: bridge the gap to ßuctuations of vectorial observables in d>1 and 
how they are affected by the (possible) system anisotropy

DYNAMIC  PHASE  TRANSITIONS  IN  D>1

Bodineau at al, PRE 72, 066110 (2005); PŽrez-Espigares et al, 
PRE 87, 032115 (2013); Vaikuntanathan et al PRE 89, 062108 
(2014); Jack et al PRL 114, 060601 (2015); Shpielberg et al, PRL 
116, 240603 (2016); Zarfaty et al J. Stat. Mech. (2016) P033304; 
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DYNAMIC  PHASE  TRANSITIONS  IN  D>1

Current statistics: important for nonequilibrium statistical physics.     
Fundamental observable: current LDF

Aim: DPTs in the vectorial current statistics of d>1 driven diffusive systems

Tools: Macroscopic Fluctuation Theory (MFT) and advanced cloning Monte 
Carlo simulations for rare events

Bodineau at al, PRE 72, 066110 (2005); PŽrez-Espigares et al, 
PRE 87, 032115 (2013); Vaikuntanathan et al PRE 89, 062108 
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Rev. Phys. Chem. 61, 191 (2010); Pitard et al, EPL 
96, 56002 (2011); Withelam et al, arXiv:
1709.03951; Speck et al, PRL 109, 195703 (2012); 
Pinchaipat et al, PRL 119, 028004 (2017). 
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WASEP in 2d: Diffusive particle transport under external Þeld

Occupation numbers ni=0,1 + particle jumps to empty neighbors with rates

Periodic boundary conditions

For large E and moderate L, the Þeld per unit length E/L is strong ⇒     
effective anisotropy ϵ, enhancing diffusivity and mobility along E. 

2D WEAKLY ASYMMETRIC SIMPLE EXCLUSION PROCESS
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MACROSCOPIC  FLUCTUATION  THEORY (MFT)
Bertini, Gabrielli, De Sole, Jona-Lasinio & Landim, 2001-2016

Rev. Mod. Phys. 87, 593 (2015)

 Evolution equation for broad family of driven diffusive systems (like WASEP):  
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 Statistics of trajectories conditioned on total current 
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CURRENT  STATISTICS  IN  MFT
J =

1
!

Z !

0
dt

Z
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dr j (r , t)

 MFT leads to variational problem for μ(λ). Optimal trajectory≠steady proÞle: 

 Homogeneous steady state: 

⇢J (r, t) jJ(r, t)

⇢st(r ) = ⇢0 j st(r ) = !J" = �0
öAE

D0 ! D (! 0)
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 Small current ßuctuations result from weakly-correlated local events which sum 
incoherently ⇒ homogeneous optimal Þelds

 Leads to quadratic dFE and Gaussian current statistics

 Stability of this homogeneous solution? 

!|J � hJi| ⌧ 1
⇢J(r, t) = ⇢0

jJ (r, t) = hJi

µG (z) = ( z áö! 0z � E áö! 0E)/ 2 z ! � + E

Z⌧ (�) =
X

J

P⌧ (J)e⌧ ! ·J µ(! ) = lim
! !1

! �1 ln Z! (! )



A  RICH  PHASE  DIAGRAM (2D WASEP)

(a) (b) (c)

x
y

t

E

(d) (e) (f)

(g)

(h)

! = 0 0 < ! < ! c ! > ! c

J · öA! 1J ! ! 2
0! c

motion

m
ot

io
n
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E áÂE ! |! c|



A  RICH  PHASE  DIAGRAM (2D WASEP)

(a) (b) (c)

x
y

t

E

(d) (e) (f)

(g)

(h)

! = 0 0 < ! < ! c ! > ! c

J · öA! 1J ! ! 2
0! c
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KEY  INGREDIENTS  BEHIND  NEW  PHYSICS ?

First, by considering vectorial currents, it becomes apparent that current 
rotations can trigger Þrst-order transitions between different dynamical phases. 

Second, by including anisotropy it becomes clear its strong effect on the relative 
shape and position of the different jammed phases
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!)# !*# !+#
,

) +
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*

jJ(r , t) = J ! v [! 0 ! " J(r ! v t)] + ! J(r ! v t)

Z

⇤
�J(r) dr = 0

r · �J(r) = 0

Mathematically, the competition between different traveling-waves stems 
from a structured vector Þeld coupled to the current 

PŽrez-Espigares, Garrido & PH, PRE 93, 040103(R) (2016)
Villavicencio & Harris, PRE 93, 032134 (2016) 
Tiz—n, PH & Garrido, PRE 95, 032119 (2017)
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WORK IN PROGRESS
DPTÕS IN OPEN SYSTEMS (1D) 



DPTÕS IN OPEN SYSTEMS (1D)
Up to now, DPTÕs in current statistics associated to emergence of time-dependent 
optimal proÞles (e.g. traveling waves). Only possible in periodic systems

Baek, Kafri & Lecomte: DPTÕs for current ßuctuations in open systems 

Need an underlying symmetry, e.g. particle-hole symmetry around, say, ρ=1/2

Beautiful Landau theory within MFT leads to predictions of 1st and 2nd order 
DPTÕs in open 1d systems and symmetry-breaking phenomena

Baek, Kafri & Lecomte, PRL 118, 030604 (2017); arXiv:1710.07139
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DPTÕS IN OPEN SYSTEMS (1D)
Physical picture for 1d WASEP (from Y. Kafri talk in Bangalore)

!
t

" = ! !
x

[! D (" )!
x

" + #(" )E +
p

#(" )$]

Limitations: 
perturbative predictions (a la Landau)
only in equilibrium (no gradient -though perturbatively extended to linear regime)
not yet observed 

Diffusion favors 
ßat proÞle

Small J is easier 
if σ(ρ) small



ONGOING  WORK: DPTÕS IN OPEN SYSTEMS (1D)

 0  0.2  0.4  0.6  0.8  1
0.3

0.5
0.70

0.2

0.4

0.6

0.8

1

J=0, Symmetry-broken Phase for ρ0=0.5, ρ1=0.5
ρ(x,m)

optimal ρ(x,m)

energy cost I(m/J)

x
m

 0  0.2  0.4  0.6  0.8  1 0.3

0.5

0.7
0

0.2

0.4

0.6

0.8

1

J=1.6, Homogeneous Phase for ! 0=0.5, ! 1=0.5

! (x,m)

optimal ! (x,m)

energy cost I(m/J)

x
m

Joint ßuctuations of the current and order parameter (total mass) in 1d open 
WASEP

É or ßuctuations of total mass in trajectory ensembles with constrained current

Exact MFT result (non-perturbative) + arbitrary gradients + numerical observation

⇢(0) = 1 /2 , ⇢(1) = 1 /2

 0
 0.5

 1
 1.5

 2
 0.2

 0.4
 0.6

 0.8-0.2
-0.1

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6

I(
m

|J
)

J m

I(
m

|J
)

Equilibrium



 0  0.2  0.4  0.6  0.8  1
0.3

0.5
0.70

0.2

0.4

0.6

0.8

1

J=0, Symmetry-broken Phase for ρ0=0.8, ρ1=0.2
ρ(x,m)

optimal ρ(x,m)

energy cost I(m/J)

x
m

 0  0.2  0.4  0.6  0.8  1
0.3

0.4
0.5

0.6
0.7

0

0.2

0.4

0.6

0.8

1

J=1.5, Homogeneous Phase for ! 0=0.8, ! 1=0.2

! (x,m)

optimal ! (x,m)

energy cost I(m/J)

x
m

ONGOING  WORK: DPTÕS IN OPEN SYSTEMS (1D)

! (0) = 0.8 , ! (1) = 0.2

 0
 0.5

 1
 1.5

 2
 2.5

 0.2
 0.4

 0.6
 0.8-0.2

-0.1
 0

 0.1
 0.2
 0.3
 0.4
 0.5
 0.6

I(m
|J

)

J m

I(m
|J

)

Symmetric gradient



 0  0.2  0.4  0.6  0.8  1
0.3

0.5
0.70

0.2

0.4

0.6

0.8

1

J=0, Homogeneous Phase for ! 0=0.6, ! 1=0.45
! (x,m)

optimal ! (x,m)

energy cost I(m/J)

x
m

 0  0.2  0.4  0.6  0.8  10.3
0.4

0.5
0.6

0.7
0

0.2

0.4

0.6

0.8

1

J=1.5, Homogeneous Phase for ! 0=0.6, ! 1=0.45

! (x,m)

optimal ! (x,m)

energy cost I(m/J)

x
m

ONGOING  WORK: DPTÕS IN OPEN SYSTEMS (1D)

! (0) = 0.6 , ! (1) = 0.45

 0
 0.5

 1
 1.5

 2  0.2
 0.4

 0.6
 0.8-0.2

-0.1
 0

 0.1
 0.2
 0.3
 0.4
 0.5
 0.6

I(m
|J

)

J m

I(m
|J

)

Asymmetric gradient



Dynamic phase transitions (DPTs) at the trajectory level are one of the most 
intriguing phenomena of nonequilibrium physics 

However, the nature of DPTs in high-dimensional systems remains puzzling

SUMMARY



Dynamic phase transitions (DPTs) at the trajectory level are one of the most 
intriguing phenomena of nonequilibrium physics 

However, the nature of DPTs in high-dimensional systems remains puzzling

SUMMARY

We report compelling evidences of a complex DPT in the vectorial current 
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properties using macroscopic ßuctuation theory (MFT)

The complex interplay among the external Þeld, anisotropy and currents in 2d 
leads to a rich phase diagram

Different symmetry-broken ßuctuation phases separated by lines of 1st- and 2nd-
order DPTs

Key role of divergence-free but structured current Þelds: weak additivity principle
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intriguing phenomena of nonequilibrium physics 

However, the nature of DPTs in high-dimensional systems remains puzzling

SUMMARY

We report compelling evidences of a complex DPT in the vectorial current 
statistics of an archetypal 2d driven diffusive system (WASEP), and characterize its 
properties using macroscopic ßuctuation theory (MFT)

The complex interplay among the external Þeld, anisotropy and currents in 2d 
leads to a rich phase diagram

Different symmetry-broken ßuctuation phases separated by lines of 1st- and 2nd-
order DPTs

Key role of divergence-free but structured current Þelds: weak additivity principle

Order in the form of coherent jammed states emerges to hinder transport for 
low-current ßuctuations

Also DPTÕs in the current statistics of open 1d systems É work in progress
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ORDER  PARAMETER:  TOMOGRAPHIC  COHERENCES

MFT: 1d density waves in symmetry-broken phase ⇒ jam particle ßow

Tomographic analysis: slice system along α-direction ⇒ j-slice is a ring in 
2d (due to pbc) ⇒ compute angular position of center of mass, θjcm
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