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Onset of modern nanotechnologies <z possibility to engineer mesoscopic devices

Hallmarks: quantum dynamics + environment <z open quantum systems (openQS)

Mesoscopic size <z large fluctuations 

Gradients + external driving <z nonequilibrium
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Hallmarks: quantum dynamics + environment <z open quantum systems (openQS)

Mesoscopic size <z large fluctuations 

Gradients + external driving <z nonequilibrium
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Aim: understand their nonequilibrium fluctuating 
   behavior specially the current statistics

Framework: large deviation theory

Main interests: current LDF + quantum control



SYMMETRIES OUT OF EQUILIBRIUM

Despite interest, understanding nonequilibrium behavior remains challenging: 
difÞculty in combining statistics and dynamics

Remarkable exception: the Fluctuation Theorem

Lesson: symmetry is a powerfull tool to gain insights into nonequilibrium physics
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Example: invariance of optimal paths in driven diffusive systems leads to Isometric 
Fluctuation Theorem



SYMMETRIES OUT OF EQUILIBRIUM

Despite interest, understanding nonequilibrium behavior remains challenging: 
difÞculty in combining statistics and dynamics

Remarkable exception: the Fluctuation Theorem

Lesson: symmetry is a powerfull tool to gain insights into nonequilibrium physics

Idea: explore consequences of symmetry for the transport properties of openQS
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OVERVIEW

In openQS, symmetry <z multiple NESS ~ coexistence of different transport channels

Coexistence linked to 1st-order dynamic phase transition in current statistics



 Application: control of transport and fluctuations by tailoring the symmetry-
protected information of the initial state

OVERVIEW

In openQS, symmetry <z multiple NESS ~ coexistence of different transport channels

Coexistence linked to 1st-order dynamic phase transition in current statistics

Shows up as a kink in the current cumulant generating function, or non-convex regime 
in the current large-deviation function

Microscopic time-reversibility <z twin dynamic phase transition!!



 Application: control of transport and fluctuations by tailoring the symmetry-
protected information of the initial state

Detailed example: open quantum networks (motivated by coherent energy harvesting 
in photosynthetic complexes)

Novel quantum device:                                                                             
symmetry controlled quantum thermal switch
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in the current large-deviation function
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openQS described by (reduced) density matrix 

           space of bounded operators acting on Hilbert space    (of dimension D)

            is itself a Hilbert space with the inner product

SETUP

! ∈ B(H)

B(H) H

(σ, ρ) ≡ Tr( σ  ρ) ∀!, " ∈ B(H)B(H)
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W

Coheren evolution punctuated by decohering interactions with environment

DeÞnes superoperator     , a D2xD2 matrix acting on 

Nonequilibrium steady states (NESS): null Þxed points of      → Wρst = 0

B(H)

W



Theorem: an openQS with a strong symmetry 

   has multiple, degenerate NESS’s indexed by the ns distinct symmetry eigenvalues

S ∈ B(H)
[S, H ] = 0 = [ S, Lm] ! m

SYMMETRY AND NESS DEGENERACY

Buca&Prosen, New J. Phys. 14, 073007 (2012)

úρ = −i[H, ρ] +
�

m

�
Lm ρL

 
m − 1

2
{L 

m Lm , ρ}
�

multiple NESS’s coexist at the same time!!



Sketch of the proof: use symmetry spectrum

   to decompose both Hilbert spaces

SYMMETRY AND NESS DEGENERACY
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Sketch of the proof: use symmetry spectrum

   to decompose both Hilbert spaces

SYMMETRY AND NESS DEGENERACY

S|! (k)
! ! = ei" ! |! (k)

! !

|ψ(k)
α ! " H ! ∈ [1, ns] k ! [1, d! ] dα = dim(Hα)

H =
�
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B(H) =
�

!"
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Hα = {|ψ(k)
α !}

Bαβ = {| ! (n)
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úρ = Wρ

   strong symmetry <z subspaces         remain invariant under the flow      

Therefore we have at least ns distinct NESS’s, i.e. for any

Corollary: one-dimensional symmetry eigenspaces do not decohere → dark states 

WBαβ ! B αβ

ρα(0) ! B αα

S Bαβ W

ρNESS
! ! lim

t→∞
e+ tWρ! (0) " B !!

|ψα��ψα|



Current statistics <z reduced density matrix          : Q events in time t

  

Q ~ global constraint. Better to work in different ensemble: 

Moment generating function of current distribution 

QUANTUM LARGE DEVIATIONS

! Q (t)

G(q) ≤ 0

µ(λ) = max
q

[G(q) ! λq]

! λ(t) =
�

Q

! Q(t)e−λQ

Pt(Q) = Tr[ ! Q(t)] t !"!!!" e+tG (Q
t )

Zλ(t) ! Tr[ρλ(t)]
t→∞!!!" e+tµ(λ)



Current statistics <z reduced density matrix          : Q events in time t

  

Q ~ global constraint. Better to work in different ensemble: 

Moment generating function of current distribution 

QUANTUM LARGE DEVIATIONS

! Q (t)

G(q) ≤ 0

µ(λ) = max
q

[G(q) ! λq]

! λ(t) =
�

Q

! Q(t)e−λQ

Pt(Q) = Tr[ ! Q(t)] t !"!!!" e+tG (Q
t )

Zλ(t) ! Tr[ρλ(t)]
t→∞!!!" e+tµ(λ)

Closed evolution equation for 
  

Deformed SUPERoperator       → thermodynamics of currents 

! λ(t)

Wλ

ú! ! (t) = −i[H, ! ! ] + e−! L 1! ! L 1
† + e+! L 2! ! L 2

†

+
�

m �=1,2

L m ! ! L †
m − 1

2

�

m

{L †
m L m , ! ! } ≡ W! ! ! ⇒ ! λ(t) = e +tW! ! (0)



SYMMETRY AND CURRENT FLUCTUATIONS

÷! αβν(" )

Deformed superoperator       also leaves invariant the subspaces         
  

Hence, ∃ a complete biorthogonal set of right (and left) eigenfunctions

BαβW!

W! B"# ! B "# " # ω"#$ (λ) $ B"# : W! ω"#$ (λ) = µ$ (λ)ω"#$ (λ)



SYMMETRY AND CURRENT FLUCTUATIONS

÷! αβν(" )

Deformed superoperator       also leaves invariant the subspaces         
  

Hence, ∃ a complete biorthogonal set of right (and left) eigenfunctions

BαβW!

W! B"# ! B "# " # ω"#$ (λ) $ B"# : W! ω"#$ (λ) = µ$ (λ)ω"#$ (λ)

Recall that                                                    , with 

Spectral decomposition of initial density matrix then yields

Therefore the current LDF corresponds to the eigenvalue of        with largest real 
part and symmetry index      among those sectors present in the initial state  

The long-time limit selects a symmetry eigenspace α0 → symmetry breaking at 
the ßuctuating level. Distinct symmetry sectors may dominate different ßuctuation 
regimes, separated by 1st-order phase transitions 

Zλ(t) =
�

αν

e+tµ! (λ) (!̃ ααν(" ), #(0)) t→∞−−−→ e+tµ
(" 0)
0 (λ) (!̃ α0α00(" ), #(0))

α0

Zλ(t) ! Tr[ρλ(t)]
t→∞!!!" e+tµ(λ) ρ! (t) = e+tW! ρ(0)

W!

µ(! ) = µ(! 0)
0 = max

",!
[µ(! )

" (! )]



SYMMETRY CONTROL OF  TRANSPORT

Z! (t) t→∞!!!" e+tµ (α0)
0 (! ) (÷! " 0" 00(" ), #(0))

Playing with amplitudes: possibility to control current statistics and average transport 
properties.



SYMMETRY CONTROL OF  TRANSPORT

Example: average current → 

  with 

Different                       will typically have different average currents  

By preparing the symmetry of the initial state, we can control the average current

Detailed examples below: e.g. symmetry-controled quantum thermal switch

�q� = lim
t→∞

1

t
! λ lnZλ(t)|λ=0

�q� =
�

! �q! �(÷ρNESS
! , ρ(0))�

! (÷ρNESS
! , ρ(0))

!qα" = # ∂λµ
(α)
0 (λ)|λ=0 = Tr[ L2ρ

NESS
α L†

2] # Tr[L1ρ
NESS
α L†

1]

ρNESS
α ∈ Bαα �qα�

Z! (t) t→∞!!!" e+tµ (α0)
0 (! ) (÷! " 0" 00(" ), #(0))

Playing with amplitudes: possibility to control current statistics and average transport 
properties.



Expansion of leading eigenvalue within symmetry sector α for

Therefore, using that  

SYMMETRY <z TWIN DYNAMIC PHASE TRANSITIONS
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Therefore, using that  

SYMMETRY <z TWIN DYNAMIC PHASE TRANSITIONS

|λ| � 1

µ(! )
0 (λ) ! µ(! )

0 (0) + λ(∂" µ
(! )
0 (λ))|" =0 = " λ#q! $

µ(! ) =
|λ|�1

!
"

#

+|! |�qαmax � for ! � 0

−|! |�qαmin � for ! � 0

µ(! ) = µ(! 0)
0 = max

",!
[µ(! )

" (! )]

maximal current phase

minimal current phase

Hence          exhibits a kink at            . Jump in the dynamic order parameter                  
o                        of size 

For time-reversible systems <z Gallavotti-Cohen fluctuation theorem

µ(λ)
q(λ) ≡ −µ�(λ)

λ = 0
∆q0 = !q! max " # ! q! min "

<z  Twin dynamic phase transition    

µ(! ) = µ(" − ! )lim
t→∞

ln
�

Pt (q)
Pt (−q)

�
= �q G(q)−G(−q) = �q<z <z

Chetrite&Mallick, J. Stat. Phys. 148, 480 ( 2012)



SYMMETRY <z TWIN DYNAMIC PHASE TRANSITIONS

µ(! ) =
|λ|�1

!
"

#

+|! |�qαmax � for ! � 0

−|! |�qαmin � for ! � 0
µ(! ) = µ(" − ! )

�



Inverse Legendre-Fenchel transform:

The twin kinks in          corresnpond to two current intervals

   where the current LDF          is non-convex or at least non-affine

This thus corresponds to a multimodal current distribution                     with 
several peaks reßecting the coexistence of multiple transport channels

SYMMETRY <z TWIN DYNAMIC PHASE TRANSITIONS

G(q) = max
!

[µ(λ) + qλ]

|q| ! [|"q! min #|, |"q! max #|]

G(q)

Pt(Q = qt)

µ(! )



Remarkably, the symmetry present in the initial state is broken at the fluctuating 
level: the quantum system selects the symmetry sector that maximally facilitates a 
given current ßuctuation

For                         the statistics is dominated by the symmetry subspace with 
maximal current, while for                        the minimum current subspace prevails

SPONTANEOUS SYMMETRY BREAKING IN FLUCTUATIONS

|q| > |!q! max"|
|q| < |!q! min"|



Corollary: the twin dynamic phase transitions only happen out of equilibrium, 
disappearing in equilibrium !!

In equilibrium,                      so there are no symmetry-induced kinks in 

Expanding to second order the leading eigenvalues

In equilibrium, current statistics is dominated by the symmetry eigenspace with 
maximal variance among those symmetry sectors present in 

Still possible to control current statistics with 

NO  TWIN  DPT IN EQUILIBRIUM !!

ρ(0)

�q! � = 0 ∀α

µ(α)
0 (! ) ≈ ! 2

2
(" 2

λµ(α)
0 (! )) |λ=0 =

! 2

2
#2

α

µ(! )

ρ(0)



APPLICATION  TO OPEN QUANTUM NETWORKS

Motivation: evidence of coherent energy transfer at room temperature in Fenna-
Mathews-Olson complex of green sulfur bacteria <z Photosynthesis

Natural selection of quantum effects to optimize energy harvesting in living systems

!
!

!

!
!

!

not a spherical cow ... but almost ...

Open quantum networks: useful to understand 
functional role of noise and dephasing in 
enhancing coherent energy transfer

!!!

!!!



Fully connected network of quantum two-level systems (qubits). Hamiltonian:

      raising and lowering operators

APPLICATION  TO OPEN QUANTUM NETWORKS
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+
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! ±
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Fully connected network of quantum two-level systems (qubits). Hamiltonian:

      raising and lowering operators

APPLICATION  TO OPEN QUANTUM NETWORKS

H = h

N!

i=1

σ
+
i σ

−
i + J

N!

i,j=1
j<i

"
σ

+
i σ

−
j + σ

−
i σ

+
j

#

! ±
i

Coupling to Markovian bosonic heat baths: 
terminal vs bulk qubits 

Four Lindblad operators: rate ai (bi) for 
excitation pumping (extraction) at qubit i

Temperature gradient whenever 
bosonic heat baths

terminal qubits

bulk qubits

L1 =
√
a1σ

+
1

L 2 =
�

b1! !
1

L 3 =
!

aN ! +
N

L4 =
!

bN σ−
N

a1b2 �= a2b1

! = ln[ a1b2/ (a2b1)]
úρ = −i[H, ρ] +

�

m

�
Lm ρL

 
m − 1

2
{L 

m Lm , ρ}
�



The quantum network exhibits multiple strong symmetries: 
permutations                    of bulk qubits

We hence expect multiple NESS, twin-DPT, symmetry breaking ...

Spectrum of        for N=2, 4, 6 <z 

SYMMETRY AND W  SPECTRUM

! ij ∈ B(H) i, j ! [2, N " 1]

[! ij , H ] = 0 = [! ij , L m ]

!

Wλ µ(λ;N)
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The sharp change of behavior at              is most 
evident in the associated eigenmatrix. Example for N=6
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The sharp change of behavior at              is most 
evident in the associated eigenmatrix. Example for N=6

λ = 0, �

Totally 
symmetric

Pair 
antisymmetric

Maximal current phase corresponds to totally symmetric bulk

Minimal current phase corresponds to pair-antisymmetric bulk: role of dark states
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Symmetry of max/min-current phases allows for a severe dimensional reduction <z 
possibility to analyze much larger qubit networks <z up to N=40

Study finite-size effects in current statistics:

a1 = 2 = b2

µ(λ;N) = µ(λ) + a(λ)N−1/2

SYMMETRY AND W  SPECTRUM!



CURRENT LDF IN  THE THERMODYNAMIC LIMIT

µ(λ) = µ(�− λ)

Estimation of the LDF          in the thermodynamic limitµ(λ)



Current vs N for varying initial state preparations: an even number                of 
bulk qubits are initially in antisymmetric, singlet states by pairs, with remaining bulk 
qubits in totally symmetric state

SYMMETRY CONTROL OVER TRANSPORT PROPERTIES

(1 − φ)N

φ ∈ [0, 1]

CASE 1



SYMMETRY CONTROL OVER TRANSPORT PROPERTIES

Gain full control of current by modifying the network Hamiltonian

Initial         with projection                on the totally symmetric subspace  

Symmetry-controlled quantum thermal switch: energy ßow can be blocked, 
modulated or turned on using the symmetry of the initial state

! (0) ! ! [0, 1]

CASE 2



ROLE OF DEPHASING NOISE

The interaction with a dephasing environment reduces quantum coherence, but can 
enhance transport and energy transfer

Model dephasing environment with set of Lindblad operators: 

      act locally on each qubit <z break bulk permutation symmetry <z (unique NESS) 
+ (no twin-DPT) + (no symmetry breaking) <z differentiable         and convex    

L(deph)
m =

√
γσ+

mσ−m

m ! [1, N ]

Lm

µ(λ) G(q)



TOWARD AN EXPERIMENTAL REALIZATION

S. Pigeon, A. Xuereb, I. Lesanovsky, J. P. Garrahan, G. De Chiara, and M. Paternostro, arXiv:1409.0422

Experimental model: coherent optical cavity networks (MIT&Singapore U.)

Hybrid electro/opto-mechanical settings with spin-1/2 particles



SUMMARY AND OUTLOOK

We have shown how to harness symmetry to control transport and current 
statistics in open quantum systems

Symmetry <z degenerate NESSÕs <{ dynamic phase transition (~ coexistence of 

different transport channels). Time reversibility <z twin DPT

Symmetry breaking at the fluctuation level

Applications: open quantum networks (~ photosynthetic complexes) and 
symmetry-controlled quantum thermal switch

Outlook: combine novel dissipation engineering techniques with symmetry-based 
design strategy to store simultaneously multiple coherent quantum states



Thank you
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DeÞne left and right adjoint symmetry SUPERoperators

Clearly, subspaces         are the joint eigenspaces of both

   strong symmetry <z                       <z subspaces         remain invariant under 

the ßow      <z      

Therefore we have at least ns distinct NESSÕs, i.e. for any 

SL,R

SL ! = S! SR ! = !S †

Bαβ

WBαβ ! B αβ

ρα(0) ! B αα

SL,R

SL |! (n )
! !" ! (m )

" | = ei# α |! (n )
! !" ! (m )

" | SR |! (n )
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" | = e−i# β |! (n )
! ��! (m )

" |

[W ,SL,R] = 0S Bαβ

W

ρNESS
! ! lim

t→∞
e+ tWρ! (0) " B !!



EQUATIONS 1

ρ

! ∈ B(H)

ρ, η ! B (H)
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H
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Hα = {|ψ(k)
α ! , k " [1, dα]}

B(H) =
�

!"

B!"

Bαβ = {|ψ(n)
α !"ψ(m)

β | : n # [1, dα],m # [1, dβ ]}

d!" = d! d"

SL,R

SL ! = S!
SR ! = !S †

! η " B (H)

SL |ψ(n )
! ��ψ(m )

" | = exp(iθ! )|ψ(n )
! ��ψ(m )

" |

SR|! (n)
α ��! (m)

β | = exp(−i" β)|! (n)
α ��! (m)

β |

ρα(0) ! B αα

! NESS =
!

α

cα! NESS
α , ! cα " R



EQUATIONS 2
! Q (t) Q
Q(t) Pt(Q) = Tr[ ! Q(t)]

Pt(Q) � exp[+tG(Q/t)]

t→∞−−−→ exp[+tG(Q/t)]

G(q) ≤ 0

ρλ(t) =
!

Q

ρQ(t) exp(−λQ)

λ Zλ(t) ! Tr[ρλ(t)]

Z! (t) � exp[+tµ(λ)]

µ(λ) = max
q

[G(q) ! λq]

! λ(t) L1 L2

ú! ! (t) = −i[H, ! ! ] + e−! L 1! ! L 1
† + e+! L 2! ! L 2

†

+
�

m �=1,2

L m ! ! L †
m − 1

2

�

m

{L †
m L m , ! ! } ≡ W! ! !

SL,R Wλ

[SL,R,Wλ] = 0

÷! αβν(" ) ! !"# (" )
! !"# (" ) ∈ B(H)

÷ωαβν(λ) ! B (H)

SL ω!"# (λ) = ei$ αω!"# (λ)

SR ! !"# (" ) = e−i$ ! ! !"# (" )
Wλ! αβν(" ) = µν(" )! αβν(" )

Tr[ω!"# (λ)] ∝ δ!"

Tr[ω!!" (λ)] = 1



SPONTANEOUS SYMMETRY BREAKING IN FLUCTUATIONS

µ(! ) =
|λ|�1

!
"

#

+|! |�qαmax � for ! � 0

−|! |�qαmin � for ! � 0

|q| > |�qαmax �| αmax

|q| < |�qαmin �| αmin

ρeffλ ! lim
t→∞

ρλ(t)

Tr[ρλ(t)]
= ωα0α00(λ)

α0 = αmax(αmin)

|λ− �

2
| > �

2

�
|λ− �

2
| < �

2

�

!q! " = 0 #α
|λ| ! 1

µ(! )
0 (! ) !

! 2

2
(" 2

" µ( ! )
0 (! )) |" =0 =

! 2

2
#2

!

! 2
! ! (0)



SSB IN FLUCTUATIONS FOR OPEN QUANTUM SYSTEMS

Nonequilibrium, open quantum system: Lindblad master eq. for density matrix ρ

Symmetry of Liouvillean: unitary operator S such that

Theorem(Buca&Prosen 2012): symmetry S <z degenerate nonequilibrium steady states 

(NESSs) classiÞed by the symmetry spectrum

ρ̇(t) = ! i[H, ρ] +
�

k

�
LkρL

†
k !

1

2
{L†

kLk , ρ}
�

" W ρ

[S,H] = 0 = [ S,Lk]∀k

S|α! = eiθ! |α! Manzano & P.H., 
preprint 2014



SSB IN FLUCTUATIONS FOR OPEN QUANTUM SYSTEMS

Nonequilibrium, open quantum system: Lindblad master eq. for density matrix ρ

Symmetry of Liouvillean: unitary operator S such that

Theorem(Buca&Prosen 2012): symmetry S <z degenerate nonequilibrium steady states 

(NESSs) classiÞed by the symmetry spectrum

ρ̇(t) = ! i[H, ρ] +
�

k

�
LkρL

†
k !

1

2
{L†

kLk , ρ}
�

" W ρ

[S,H] = 0 = [ S,Lk]∀k

S|α! = eiθ! |α!

First observation: ∃ multiple transport channels classified by symmetry <z 

symmetry-controled transport via initial state preparation

Current statistics: symmetry breaking at the fluctuation level!!!! <z the quantum 

system selects a symmetry subspace that maximally facilitates a current ßuctuation

First-order dynamic phase transition: coexistence of different transport channels

Time reversibility <z Gallavotti-Cohen symmetry J<—-J <z twin phase transition

Manzano & P.H., 
preprint 2014



SSB IN FLUCTUATIONS FOR OPEN QUANTUM SYSTEMS
EXAMPLE: NONEQUILIBRIUM QUANTUM NETWORK

H = !
N�

i=1

" +
i " !

i + g
N�

i,j =1
j<i

�
" +

i " !
j + " !

i " +
j

�

S ! Pij = |nij"#n|

Symmetries: permutations of bulk qubits

Hamiltonian: fully-connected network of qubits

Manzano & P.H., 
preprint 2014
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First-order dynamic phase transitions in the Legendre transform of the current LDF

For |J|>Jc+, ρ!  totally-symmetric in bulk. For |J|<Jc-, ρ!  pair-antisymmetric in bulk.

G(J) is non-convex in two regions, connected by time-reversibility

θ(λ) = max
q

[G(q) + λq]

S ! Pij = |nij"#n|

Symmetries: permutations of bulk qubits

Hamiltonian: fully-connected network of qubits

Manzano & P.H., 
preprint 2014


