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In this chapter, we review the basic algorithms for the calculation of integrals using random variables and define

the general strategy based on the replacement of an integral by a sample mean.

1. Hit and miss

• The hit-and-miss method is the simplest of the integration methods that use ideas from probability theory.
Although it is not very competitive in practical applications, it is very convenient in order to explain in a simple
and comprehensive manner some of the ideas of more general methods.

• Let y = g(x) be a real function which takes only bounded positive values in a finite interval [a, b], that is,
0 ≤ g(x) ≤ c. In Riemann’s sense, the integral

I =
∫ b
a
g(x) dx (1)

is nothing but the area of the region Ω between the x-axis and the curve given by g(x).

• In the rectangle S = {(x, y), a ≤ x ≤ b, 0 ≤ y ≤ c}, we consider a pair of independent random variables (x̂, ŷ)
which are uniformly distributed in S, see Fig. 1. The joint probability density function of x̂ and ŷ is

fx̂ŷ(x, y) =



1
c(b− a) (x, y) ∈ S ,

0 (x, y) /∈ S .
(2)

• The probability that a point (x, y) distributed according to fx̂ŷ(x, y) lies within Ω is,

p =
∫
Ω fx̂ŷ(x, y) dx dy = 1

c(b− a)
∫
Ω dx dy = I

c(b− a)
, (3)

as
∫
Ω dx dy is the area of Ω, or equivalently the integral I .
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Figure 1. Schematics and definitions of the hit-and-miss method.

• The idea of the Monte Carlo integration is to read this equation as I = c(b−a)p. So, if we know the probability
p, then we know the integral I

• But how can we obtain the probability p that a point distributed according to a uniform distribution lies in
region Ω? Simple: perform an experiment whose outcome is the pair (x, y), distributed according to Eq. (2),
and compute from that experiment the probability p.
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• It might help to imagine an archer who is sending arrows uniformly to region S. If he sends 100 arrows, and
78 of them are in region Ω, then an estimation of the probability is p = 0.78. The hit-and-miss method is a
sophisticated manner of replacing the archer, giving us, hopefully, a precise value for p as well as the error in the
calculation of the integral I .

• Let us imagine that we have an ideal archer who is able to send arrows that fall uniformly (and this is the key
word) in points (x, y) of S. The point (x, y) can or cannot fall within Ω and, hence, the event "the point (x, y)
is in Ω" can take the values "yes" or "no", a binary variable that follows a Bernoulli distribution.

• We make M independent repetitions of this Bernoulli experiment, generate the points (x1, y1), (x2, y2), . . .,
(xM , yM) uniformly distributed in S, and define the random variable N̂B as the number of points that belong
to Ω, that is, those satisfying yi ≤ g(xi).

• We introduce a random variable Î1 = c(b− a)p̂ = c(b− a)N̂B/M , where we have defined p̂ = N̂B/M . As N̂B

clearly follows a binomial distribution with mean value pM , then 〈p̂〉 = p and it results that 〈Î1〉 = I . Such a
random variable whose average value is equal to I is called an unbiased estimator of the integral.

• Using the results of the binomial distribution, we can compute also the standard deviation of this estimator as

σ[Î1] = c(b− a)
M

σ[N̂B] = c(b− a)
M

√
Mp(1− p) = c(b− a)

√√√√√p(1− p)
M

. (4)

• Therefore, using the short-hand notation we derived from Chebyshev’s theorem, we can write

I = Î1 ± σ̂[Î1] = c(b− a)p̂± c(b− a)

√√√√√p̂(1− p̂)
M

(5)

with the usual confidence intervals for the error.
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• If we make a large number of repetitions M , we can approximate the binomial distribution by a Gaussian
distribution, and the confidence levels indicate that there is a 68% probability that the integral is indeed in the
interval (Î1− σ̂[Î1], Î1 + σ̂[Î1]), 95% that it is in the interval (Î1− 2σ̂[Î1], Î1 + 2σ̂[Î1]), and so on. Consequently,
we associate σ̂[Î1] to the error (in the statistical sense) of our estimator.

• The relative error is
σ̂[Î1]
〈Î1〉

≈
√√√√√(1− p)

pM
, (6)

From this expression, we see (i) the relative error decreases as the inverse square root M−1/2 of the number of
repetitionsM , and (ii) the error decreases with increasing p. Therefore, it is convenient to choose the, otherwise
arbitrary, rectangle S as small as possible, which is equivalent to taking c = max[g(x)] in the interval x ∈ [a, b].

• In a numerical algorithm, to replace our archer we need to generate random points (x, y) from a two-dimensional
uniform distribution. This can be obtained by generating one random variable x̂ uniformly in the interval [a, b]
and another independent random variable ŷ uniformly in (0, c). In practice, we use two independent random
variables û, v̂ uniformly distributed in the interval [0, 1] and the linear transformations x̂ = a + (b − a)û ,
ŷ = cv̂.
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• Numerical implementation of the hit and miss method: We now implement the hit-and-miss method as a
subroutine. The subroutine returns the estimator of the integral of an external function g(x) in the variable r
and the error in s.
! Subroutine for the hit and miss method
subroutine mc1(g,a,b,c,M,r,s)
implicit none
double precision , intent (in) :: a,b,c
integer , intent (in) :: M
double precision , intent (out) :: r,s
double precision :: g,p,u,v,ran_u
integer :: nb,i
! External function whose integral we want to compute
external g

nb=0 ! Counter for the number of hits
do i=1,M

u=ran_u () ! Homogeneous random number in (0,1]
v=ran_u () ! Homogeneous random number in (0,1]
if (g(a+(b-a)*u) > c*v) nb=nb+1

enddo
p=dble(nb)/M
r=(b-a)*c*p
s=sqrt(p*(1.d0 -p)/M)*c*(b-a)

end subroutine mc1
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• For the sake of clarity, we now include an example of a full program for calculating the area of the function
g(x) = x2 in the interval [0, 1] (run this simple program and check compatibility with the exact value I = 1/3)
program area
implicit none
interface

double precision function g(x)
double precision , intent (in) :: x

end function g
end interface
double precision :: a,b,c,r,s
integer :: M
a=0.d0
b=1.d0
c=1.d0
M=100000
call mc1(g,a,b,c,M,r,s)
write (*,*) "The␣estimated␣value␣of␣the␣integral␣is", r
write (*,*) "The␣estimated␣error␣is", s
end program area

double precision function g(x)
implicit none
double precision , intent (in) :: x
g=x*x
end function g
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2. Uniform sampling

• Let’s explain now a second more sophisticated method to perform integrals using random numbers and ideas
from probability theory.

• We consider again the integral
I =

∫ b
a
g(x) dx (7)

but now g(x) does not need to be necessarily limited to take nonnegative values.

• We write this integral as
I =

∫ ∞
−∞

G(x)fx̂(x) dx (8)

with G(x) = (b− a)g(x) and

fx̂(x) =


1

b− a a ≤ x ≤ b ,

0 otherwise .
(9)

• Note that this integral can be understood as the average value of the function G(x) with respect to a random
variable x̂ whose probability density function is fx̂(x), that is, a uniform random variable in the interval (a, b).

• If we now devise an experiment whose outcome is the random variable x̂ and repeat that experiment M times
to obtain the values x̂1, . . . , x̂M , we can compute from those values the sample mean and variance as

µ̂M [G] = 1
M

M∑
i=1

G(xi) , (10)

σ̂2
M [G] = 1

M

M∑
i=1

G(xi)2 −
 1
M

M∑
i=1

G(xi)
2
. (11)
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• Note that we have not included the term M/(M − 1) in the definition of σ̂2

M [G] as we will use these formulas
for very large values of M , where this quotient tends to 1.

• The integral can be hence estimated as

I = µ̂M [G]± σ̂M [G]√
M

= (b− a)µ̂M [g]± (b− a)σ̂M [g]√
M

, (12)

where we have used that G(x) = (b−a)g(x), µ̂M [g] and σ̂2
M [g] are the sample mean and variance of the function

g(x), and where the error has to be understood in the statistical sense of Chebyshev’s theorem as explained in
the previous chapter.

• This method can be easily implemented now because we already know how to generate values of a random
variable x̂ which is uniformly distributed in an interval (a, b). Let us give a simple computer program as follows

! Implementation of the uniform sampling method
subroutine mc2(g,a,b,M,r,s)
implicit none
double precision , intent (in) :: a,b
integer , intent (in) :: M
double precision , intent (out) :: r,s
double precision :: g,g0 ,ran_u
integer :: i
external g
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r=0.d0
s=0.d0
do i=1,M

g0=g(a+(b-a)*ran_u ())
r=r+g0
s=s+g0*g0

enddo
r=r/M
s=sqrt((s/M-r*r)/M)
r=(b-a)*r
s=(b-a)*s

end subroutine mc2

• If we think of the Riemann integral as the limiting sum of the function g(x) over an infinite number of points
in the interval (a, b), the uniform sampling method replaces that infinite sum by a finite sum (b− a)µ̂M [g] over
points randomly distributed in the same interval.
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3. General sampling methods

• Similar ideas can be used to compute the integral

I =
∫
g(x) dx =

∫
G(x)fx̂(x) dx (13)

• There are no restrictions about the function G(x), but we demand that fx̂(x) has the required properties of a
probability density function: that is, nonnegative and normalized.

• The key point is to understand the integral as the average value of the function G(x) with respect to a random
variable x̂ whose probability density function is fx̂(x), i.e. I = E[G].

• If we devise now an experiment whose outcome is the random variable x̂ with probability density function fx̂(x)
and repeat that experiment M times to obtain the values x1, . . . , xM , we can compute from those values the
sample mean and variance, and from them the integral can be approximated as I = µ̂M [G]± σ̂M [G]/

√
M , as

before.

• The main difference with respect to the uniform sampling is the substitution of the random variables drawn from
the uniform distribution by values distributed according to a distribution fx̂(x).

• It is straightforward to write a computer program to implement this algorithm
! Implementation of the general sampling method
subroutine mc3(g,ran_f ,M,r,s)
implicit none
integer , intent (in) :: M
double precision , intent (out) :: r,s
double precision :: g,ran_f ,g0
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integer :: i
external g,ran_f
r=0.d0
s=0.d0
do i=1,M

g0=g(ran_f ())
r=r+g0
s=s+g0*g0

enddo
r=r/M
s=sqrt((s/M-r*r)/M)
end subroutine mc3

• How do we obtain random numbers with some arbitrary pdf fx̂(x)? We will briefly describe this issue in the
next section
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Figure 2. Inversion of the cdf Fx̂(x). If u is the value of a random variable û uniformly distributed in the (0, 1)
interval, then x = F−1

x̂ (u) follows the corresponding pdf fx̂(x) = dFx̂(x)/dx.

4. Generation of nonuniform random numbers: Basic concepts

• The basic method to generate values of a random variable x̂ distributed according to the probability distribution
function fx̂(x) uses a theorem that we proved in the previous chapter on probability.

• Theorem: If x̂ is a random variable whose cumulative probability function is Fx̂(x), then the change of variables
û = Fx̂(x̂) yields a random variable û uniformly distributed in the interval (0, 1), i.e. a Û(0, 1) variable.

• We now read this theorem backward: if û is a Û(0, 1) random variable, then the probability distribution function
of x̂ = F−1

x̂ (û) is fx̂(x), see Figure 2.
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• Example: We want to generate random numbers distributed according to an exponential distribution

fx̂(x) =
 ae

−ax x ≥ 0 ,
0 x < 0 . (14)

We first compute the cumulative distribution

Fx̂(x) =
∫ x
−∞

fx̂(y) dy = 1− e−ax x ≥ 0 , (15)

and then invert x = F−1
x̂ (u) by solving u = Fx̂(x) to find F−1

x̂ (u) = −1
a log(1 − u). This means that, to

generate random numbers x distributed according to an exponential distribution, we need to generate numbers
u uniformly distributed in the (0, 1) and then apply x = −1

a log(1 − u). As 1 − û is obviously also a Û(0, 1)
variable, we can simply use the formula

x = −1
a

log(u) (16)

• The interested reader can find in the book by Toral and Colet a number of different examples with details on
how to obtain random numbers distributed according to some non-uniform pdfs, both continuous and discrete.

• In general, the main problem of this method is the lack of a good algorithm for the calculation of the inverse
cumulative distribution function and, sometimes, it is a bottleneck for the implementation of the method
described in this section.
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5. Importance sampling

• Let us consider again the general integral

I =
∫
g(x) dx =

∫
G(x)fx̂(x) dx (17)

with G(x) = g(x)/fx̂(x) and fx̂(x) has to be a probability density function (nonnegative and normalized). In
the sampling method, we consider this to be equal to the average E[G] and use the approximation used by the
sample mean.

• There are infinite ways in which the integral I can be decomposed as an average over some fx̂(x), although some
might be more natural than others.

• For instance, take the integral
I =

∫ ∞
0 cos(x)x2e−x dx = −1

2
. (18)

If we would like to use a sampling method for its calculation, possible natural choices would be

G(1)(x) = cos(x)x2 , x ≥ 0 , (19)

f
(1)
x̂ (x) =

 e−x x ≥ 0 ,
0 , x < 0 . (20)

or

G(2)(x) = cos(x)x , x ≥ 0 , (21)

f
(2)
x̂ (x) =

 x e
−x x ≥ 0 ,

0 , x < 0 . (22)
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or

G(3)(x) = 2 cos(x) , x ≥ 0 , (23)

f
(3)
x̂ (x) =


1
2x

2 e−x x ≥ 0 ,
0 , x < 0 . (24)

but we could have used, for example, a not-so-obvious splitting

G(4)(x) =
 π(1 + x2) cos(x)x2e−x x ≥ 0 ,

0 , x < 0 . (25)

f
(4)
x̂ (x) = 1

π

1
1 + x2 ∀x . (26)

• Which is the best way to split g(x) = G(x)/fx̂(x)? Of course, a possible criterion is that the numerical generation
of random numbers according tofx̂(x) turns out to be easy from a practical point of view. But leaving aside
this otherwise very reasonable requirement, a sensible condition to choose the splitting is to obtain an algorithm
with the minimum statistical error.

• The smallest error is obtained when the sample variance σ̂2
M [G] is minimum, or, equivalently, when the variance

as given by

σ2[G] =
∫
G(x)2fx̂(x)dx−

(∫
G(x)fx̂(x)dx

)2
=

∫ g(x)2

fx̂(x)
dx− I2 (27)

is a minimum.

• As I is independent of fx̂(x), the minimization of σ2[G] is equivalent to the minimization of
∫ g(x)2

fx̂(x)
dx. The

minimization has to be achieved in the space of functions fx̂(x), which can be considered as probability density
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functions, that is, those functions satisfying

fx̂(x) ≥ 0 , (28)∫
fx̂(x) dx = 1 . (29)

• The optimal solution f opt
x̂ (x) can be found by using the method of the Lagrange multipliers, which help us in

enforcing the previous constraints. Let us introduce the functional L[fx̂] defined as

L[fx̂] =
∫ g(x)2

fx̂(x)
dx + λ

∫
fx̂(x) dx (30)

with λ being the Lagrange multiplier needed to take into account the normalization condition above. The
minimization of L[fx̂] via functional differentiation leads to

δL[fx̂]
δfx̂

∣∣∣∣∣
fopt

x̂ (x)
= 0⇒ −

 g(x)
f opt

x̂ (x)


2

+ λ = 0 (31)

or equivalently
f opt

x̂ (x) = +λ−1/2|g(x)| ≥ 0 . (32)
The Lagrange multiplier now follows from the normalization condition, so we arrive at

f opt
x̂ (x) = |g(x)|∫

|g(x)|dx
. (33)

• The corresponding optimal function Gopt(x) is

Gopt(x) = g(x)
f opt

x̂ (x)
= sgn[g(x)]

∫
|g(y)|dy (34)
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and the associated minimum variance is

σ2[Gopt] =
(∫
|g(x)|dx

)2
− I2 = λ− I2 . (35)

• Interestingly, this result indicates that, if g(x) is a nonnegative function, such that |g(x)| = g(x), then the
variance of the optimal estimator is 0. In other words, the statistical error is 0 and the sample average is exact
(independent of the number of points M used). Where is the trick? If we look at the optimal choice, in the
denominator of Eq. (33) appears precisely the integral I. But knowing the value of the integral was the initial
goal. If we know it, why should we need a numerical algorithm whose goal is the calculation of the integral?

• However, the idea of importance sampling is to replace the optimal value f opt
x̂ (x) by some other function fx̂(x)

close to it (while still keeping the generation of the random variable easy enough).

• For example, let us look at the calculation of the integral in Eq. (17). The optimal choice for this example would
be the splitting

Gopt(x) = λ1/2 cos(x)
| cos(x)|

x ≥ 0 , (36)

f opt
x̂ (x) =

 λ
−1/2| cos(x)|x2e−x x ≥ 0 ,

0 , x < 0 , (37)

with λ1/2 =
∫ ∞
0 | cos(x)|x2e−x dx being the normalization constant. The minimal variance of the optimal choice

is σ2[Gopt] = λ− I2 ≈ 1.190009. However, there is no simple way to solve and invert
∫ x
0 f opt

x̂ (y)dy = u and the
optimal choice is useless. We could use instead, for example, any of the four splittings given above. Which one
would be the most efficient? The one that uses a probability density function fx̂(x) closer to f opt

x̂ (x). Intuitively,
it is option number 3, as all it does is to replace | cos(x)| by an average value 1/2. We can check this out by
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computing (analytically) the variance in the four cases using the integrals of Eq. (27), with the result

σ2[G(1)] = 148843
12500

≈ 11.907 , (38)

σ2[G(2)] = 6791
2500

≈ 2.716 , (39)

σ2[G(3)] = 787
500
≈ 1.574 , (40)

σ2[G(4)] = −1
4

+ 27π
16
≈ 5.051 . (41)

Hence, the splitting number 3 is indeed the most efficient, at least from the point of view of the associated
variance.

• Summing up, the basic idea of the importance sampling method is to split the integrand as g(x) = G(x)fx̂(x)
using a suitable random variable x̂ with pdf fx̂(x). It is desirable to choose fx̂(x) in such a way that (i) it is
reasonably simple to generate, and (ii) it gives a small variance. The optimal fx̂(x) most often does not satisfy
condition (i), but we might then look for functions fx̂(x) that are close enough to the optimal one.
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6. Advantages of Monte Carlo integration

• Although there might be examples of one-dimensional integrals in which the Monte Carlo integration could be
competitive compared to more traditional methods (like Simpson integration), the truth is that the real power
of Monte Carlo integration lies in the calculation of N -dimensional integrals.

• Let us consider, for example, the integral

I(N) =
∫ ∞
−∞

dx1 . . .
∫ ∞
−∞

dxNe−(x1+...+xN )J0(x2
1 + . . . + x2

N) , (42)

where J0(x) is the Bessel function.

• For large N , it would be difficult to write an efficient code implementing, for instance, a Simpson-like
algorithm. Let us consider it from the point of view of importance sampling. We split the integrand
g(x1, . . . , xN) = G(x1, . . . , xN)fx̂1,...,x̂N

(x1, . . . , xN) with

G(x1, . . . , xN) = J0(x2
1 + . . . + x2

N) , (43)
fx̂1,...,x̂N

(x1, . . . , xN) = e−(x1+...+xN ) . (44)

• The key point is that fx̂1,...,x̂N
(x1, . . . , xN) can be considered as the probability density function of an N -

dimensional random variable x̂ = (x̂1, . . . , x̂N).

• In fact, as it can be factorized as fx̂1,...,x̂N
(x1, . . . , xN) = fx̂1(x1) . . . fx̂N

(xN) with fx̂(x) = e−x, the N random
variables x̂1, . . . , x̂N are independent of each other and follow the same exponential distribution.

• It is very easy to use the method of importance sampling to compute the integral I(N) above: generate M
values x1, . . . ,xM of the N -dimensional vector x = (x1, . . . , xN); use them to compute the sample mean and
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variance of G(x), using the known formulas

µ̂M [G] = 1
M

M∑
i=1

G(xi) , (45)

σ̂2
M [G] = 1

M

M∑
i=1

G(xi)2 −
 1
M

M∑
i=1

G(xi)
2
. (46)

and approximate the integral by
I(N) = µ̂M [G]± σ̂M [G]√

M
, (47)

• Let us present a simple computer program:
program n_dimensional_integral

implicit none
interface

double precision function ran_exp(a)
double precision , intent (in) :: a

end function ran_exp
end interface
double precision :: r,s,x,dbesj0 ,sx,s2 ,g0
integer , parameter :: N=4
integer ::M,i,k

M=1000000
r=0.d0
s=0.d0
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do k=1,M
s2=0.d0
do i=1,N

x=ran_exp (1.d0)
s2=s2+x*x

enddo
g0=dbesj0(s2)
r=r+g0
s=s+g0*g0

enddo
r=r/M
s=sqrt((s/M-r*r)/M)

write (*,*) "The␣estimated␣value␣of␣the␣integral␣is", r
write (*,*) "The␣estimated␣error␣is", s

end program n_dimensional_integral

Here, dbesj0 is the Bessel function J0(x) as implemented in gfortran and also in the Intel fortran compiler ifort.
Otherwise, a routine that returns the value of the Bessel function J0(x) must be provided.

• As an example, we have run this program withM = 106 samples and it took us a fraction of a second on a desktop
computer to obtain the values I(2) = 0.38596±0.00049, I(3) = 0.20028±0.00044, and I(4) = 0.08920±0.00036.

• The complexity of the Monte Carlo algorithm does not increase with N , the number of integration variables.
The program runs perfectly for N = 10 giving, for M = 108, I(10) = 0.002728 ± 0.000016 in less than 1 min,
whereas it would be extremely costly to get the same accuracy with a deterministic integration algorithm.
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7. Remarks on dimensionality

• We have argued above that numerical integration based on the sampling algorithm

∫
G(x)fx̂(x) dx = µ̂M [G]± σ̂M [G]√

M
(48)

with

µ̂M [G] = 1
M

M∑
i=1

G(xi) , (49)

σ̂2
M [G] = 1

M

M∑
i=1

G(xi)2 −
 1
M

M∑
i=1

G(xi)
2
. (50)

where xi , i = 1, . . . ,M are the values of the random variable x̂ whose pdf is fx̂(x), can be very competitive if
x = (x1, ..., xN) is high dimensional.

• How high is high? How large must N be for this method to be competitive? The exact answer might depend
on the specific details of the function G(x) and the difficulty in the generation of the random variables.

• The answer might be N > 10 or N > 5, but one thing is sure: when N is very large, on the order of thousands
or millions of variables involved in the integral, then there is no alternative to the Monte Carlo sampling.

• There are many problems that need of the calculation of such high-dimensional integrals, but the typical
applications are in the field of statistical mechanics, where ideally one would like to deal with N on the order of
the Avogadro number, N ∼ 1023. This methos is also essential in quantum field theory.
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8. Rejection methods

• We have already described a method that allows, in principle, the generation of values of a random variable
distributed according to a given probability distribution function fx̂(x) based on the relation x̂ = F−1

x̂ (û), with
û being a Û(0, 1) random variable uniformly distributed in the interval (0, 1).

• The main problem with this general method is the technical difficulty in finding a good implementation of the
inverse cumulative distribution function F−1

x̂ . A possibility is to solve numerically the equation Fx̂(x)− u = 0
using e.g. the Newton-Raphson method, but this method can be extremely slow for mildly complex problems,
and moreover there is no guarantee that the algorithm converges to the right solution.

• On the other hand, the so-called rejection methods are best suited to the generation of high (and not so high)
dimensional sets of random variables.

8.1. A simple example

• Rejection methods are based on a simple idea: propose a value of the random variable x̂ we want to sample, and
then decide whether we keep this proposed value or not.

• For the sake of clarity, we analyze first an example with only one variable. Let us consider a random variable x̂
whose pdf is

fx̂(x) =
 C exp(−x2

2 ) − 1 ≤ x ≤ 1 ,
0 x /∈ [−1, 1] . (51)

which is a cut-off Gaussian distribution limited to the interval (−1, 1). It is possible to obtain the normalization
constant C from

1 = C
∫ 1
−1 dx exp(−x

2

2
) = C

√
2πerf

 1√
2

⇒ C = 1
√

2πerf
(

1√
2

) = 0.584369 . . . (52)
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However, we do not really need to know the value of the normalization constant C. As we will see, this is one
of the nice features that make rejection methods so useful.

• Recall now what a pdf means: fx̂(x) is a measure of the probability of finding a value of the random variable
around x. Hence, if, for example, fx̂(x1) = 2fx̂(x2), then x1 is twice as probable to appear as x2. What we will
do is to generate values uniformly in the interval (−1, 1) and accept the proposed value x with a probability
proportional to its pdf fx̂(x). It seems obvious that those values that make fx̂(x) larger will be accepted more
often than those that make fx̂(x) small, which is, at least qualitatively, what we want to achieve.

• Summing up, we propose the following steps:

1 Propose a value x sampled from the Û(−1, 1), uniform distribution, that is, x = 2u − 1 with u sampled
from Û(0, 1).

2 Accept that value with a probability h(x), proportional to fx̂(x) ∝ exp(−x2/2).

In step 2, it is important to stress that the acceptance probability h(x) must be a number between 0 and . Recall
that the probability density function fx̂(x) is nonnegative and normalized, but otherwise it may take any value
between 0 and ∞. The acceptance probability is αfx̂(x), with α a real number carefully chosen to ensure that
the resulting probability h(x) indeed does not exceed the value 1. Otherwise, α is arbitrary.

• In the example we are considering, the resulting acceptance probability is αC exp(−x2/2). As exp(−x2/2) ≤ 1
∀x, all we need is that αC ≤ 1 and we take the simplest (and, as we will see, also the more convenient) choice
α = 1/C so the acceptance probability of a proposed value x is h(x) = exp(−x2/2).

• How is the acceptance process performed? This is a Bernoulli process: either we accept the proposed value with
probability exp(−x2/2), or we do not. This decision is made by comparing a new uniform u = Û(0, 1) random
number with the acceptance probability. If u < exp(−x2/2), the proposed value is accepted. Otherwise, if
u ≥ exp(−x2/2), it is rejected. What do we do if we reject the value? Answer: propose a new one.
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• This algorithm can be programmed as follows:
! Loop for the simple example on the rejection method
do

x=2.0d0*ran_u ()-1.0d0
if(ran_u() < exp(-0.5d0*x*x)) exit

enddo

We see in this simple example the power of the rejection method. The algorithm is really simple and requires
only two lines of code. Try to do the same using the method based on the inversion of the cumulative function
or x = F−1

x̂ (u).

• The only problem with the rejection method could be that the rejection step is taken too often, requiring a large
number of trial proposals before a number is actually generated. This will be a real issue for high-dimensional
problems.

8.2. General rejection method

• Let us now define what we mean by a general rejection method. It is based on the two following steps:

1 Propose a value x for the random variable distributed according to a given probability density function g(x).
2 Accept that value x with a probability h(x). Recall that this probability must satisfy 0 ≤ h(x) ≤ 1, ∀x.

• For the acceptance step, we consider a Bernoulli random variable B̂ which takes the value B̂ = 1 (acceptance)
with probability h(x) and the value B̂ = 0 (rejection) with probability 1− h(x).

• During the proposal and acceptance/rejection process, we generate a two-dimensional random variable (x̂, B̂)
with joint distribution fx̂,B̂(x, n).
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• A proposal x drawn from the pdf g(x) can give rise to two values of B̂, which implies

g(x) = fx̂,B̂(x, B̂ = 0) + fx̂,B̂(x, B̂ = 1) . (53)

• We are interested in those values of x that result after acceptance. They are distributed according to fx̂(x|B̂ = 1),
which we want to be identical to the given fx̂(x) we wish to sample. According to the definition of conditional
pdf, this distribution is given by

fx̂(x|B̂ = 1) =
fx̂,B̂(x, B̂ = 1)
Prob(B̂ = 1)

=
fx̂,B̂(x, B̂ = 1)∫ ∞

−∞
fx̂,B̂(x, B̂ = 1) dx

. (54)

• Using the rules of conditional probabilities, we have now for the acceptance probability h(x)

h(x) = Prob(B̂ = 1|x) =
fx̂,B̂(x, B̂ = 1)

fx̂,B̂(x, B̂ = 0) + fx̂,B̂(x, B̂ = 1)
=
fx̂,B̂(x, B̂ = 1)

g(x)
. (55)

and therefore fx̂,B̂(x, B̂ = 1) = h(x)g(x).

• Using this in Eq. (54) we arrive at

fx̂(x) = fx̂(x|B̂ = 1) = h(x)g(x)∫ ∞
−∞

h(x)g(x) dx
. (56)

as the pdf resulting of the double proposal/acceptance process. As it should be, this pdf is properly normalized.
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• Summing up, to sample some fx̂(x) we need to find two functions g(x) (sampling pdf) and h(x) (acceptance
probability) and such that fx̂(x) can be split as fx̂(x) = Ag(x)h(x), where A is a constant. Note that this
implies

g(x)h(x)fx̂(y) = g(y)h(y)fx̂(x) , ∀x, y (57)
which is the so-called detailed balance condition1.

8.3. Efficiency of the rejection method

• The efficiency of a rejection method depends on the average probability of acceptance ε. If ε is very small, then
we need a large average number of trials to generate a single value of x̂.

• The average acceptance probability can be computed using

ε =
∫ ∞
−∞

P (B̂ = 1|x)g(x) dx =
∫ ∞
−∞

h(x)g(x) dx = 〈h〉 . (58)

This implies that, given a fixed g(x), the efficiency increases with increasing h(x) and, hence, it is convenient to
take h(x) as large as possible, always keeping the condition 0 ≤ h(x) ≤ 1.

• The average acceptance probability is related to the normalization constant C. If we know C, we can easily
obtain ε. If we did not know C, we could derive it from a numerical estimation of ε.

• Example: We want to generate values of a random variable x̂ whose pdf is

fx̂(x) = C exp
−x2

2
− x4

 , x ∈ (−∞,∞) (59)

† The name is not by accident. As the generation of the different values of the random variable is done independently of each
other, it can be thought, formally, as a homogeneous Markov chain in which the proposal pdf f(x|y) = h(x)g(x)/ ∫∞−∞ h(x)g(x) dx
is independent of y. The stationarity condition f st

x̂ (x) = ∫∞
−∞ f(x|y) f st

x̂ (y) dy of chapter 1 then leads trivially to the detailed
balance condition.
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where C is the normalization constant given by C = 2
√

2e−1/32K1/4(1/32) = 0.643162 . . . We need to split
fx̂(x) ∝ g(x)h(x), g(x) being a pdf we know how to sample numerically and 0 ≤ h(x) ≤ 1. The obvious choice
is

g(x) = 1√
2π

exp
−x2

2

 , x ∈ (−∞,∞) , (60)

h(x) = exp
(
−x4) . (61)

So we propose a value x drawn from a Ĝ(0, 1) Gaussian distribution and accept it with probability exp(−x4).
The algorithm can be programmed as follows:
! Sampling for exp(-x**2/2 - x**4)
do

x=ran_g ()
if (ran_u () < exp(-x**4) ) exit

enddo

The average acceptance probability is

ε =
∫ ∞
−∞

dx g(x)h(x) = 1
C
√

2π
≈ 0.620283 . . . (62)

• Example: Let us now consider an n-dimensional problem. Imagine we need to compute the integral

I(n) =

∫ ∞
−∞

dx1 . . .
∫ ∞
−∞

dxn e−(x2
1+...+x2

n)/2−(x1···xn)4 cos(x1 · · ·xn)∫ ∞
−∞

dx1 . . .
∫ ∞
−∞

dxn e−(x2
1+...+x2

n)/2−(x1···xn)4 (63)
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Obviously, we interpret this integral as the average value 〈G(x1, . . . , xn)〉 with respect to the pdf
fx̂1,...,x̂n

(x1, . . . , xn), with

G(x1, . . . , xn) = cos(x1 · · ·xn) , (64)
fx̂1,...,x̂n

(x1, . . . , xn) = C e−(x2
1+...+x2

n)/2−(x1···xn)4
, (65)

where C is the normalization constant of the pdf. To generate values of the n-dimensional random variable
(x̂1, . . . , x̂n), we split the pdf as

fx̂1,...,x̂n
(x1, . . . , xn) ∝ g(x1, . . . , xn)h(x1, . . . , xn) , (66)

g(x1, . . . , xn) =
n∏
i=1

 1√
2π

e−x2
i /2

 (67)

h(x1, . . . , xn) = e−(x1···xn)4
. (68)

Note that, indeed, 0 ≤ h(x1, . . . , xn) ≤ 1. The proposal g(x1, . . . , xn) corresponds to n independent Gaussian
Ĝ(0, 1) distributions. The program to implement the rejection algorithm to compute this integral is as follows:
! Rejection method for multidimensional integral
program rejection

implicit none
double precision r,s,b,p,g,ran_g ,ran_u
double precision , parameter :: pi =3.141592653589793 d0
integer , parameter :: n=2
integer M,i,j,ij ,na
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M=10000000
r=0.d0
s=0.d0
na=0
do ij=1,M

do
b=1.0d0
do i=1,n

b=b*dran_g () ! Product of n random Gaussian variables
enddo
na=na+1
if (dran_u () < exp(-b**4)) exit

enddo
g=cos(b)
r=r+g
s=s+g*g

enddo

p=dble(M)/na
r=r/M
s=sqrt((s/M-r*r)/M)
write (6,*) n,r,s,p

end program rejection
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• Note that, besides the value of the integral and its error, we also write the average acceptance probability.
This program runs without problems for any arbitrary value of n. Some results are as follows: I(n = 2) =
0.922467± 0.000037, I(n = 10) = 0.993885± 0.000011, I(n = 40) = 0.99999666± 0.00000024, which strongly
suggest limn→∞ I(n) = 1, a result that can be confirmed analytically. The average acceptance probability
increases with n as ε(n = 2) = 0.748, ε(n = 10) = 0.977, and ε(n = 40) = 0.999987. This increase of ε with
n, unfortunately, is not a typical feature of rejection methods. On the contrary, usually the average acceptance
probability decreases with n and becomes very small for the values of n of interest.

• Example: Consider the n-dimensional random variable (x̂1, . . . , x̂n) uniformly distributed inside an azn-
dimensional sphere of radius 1 whose pdf is

fx̂1,...,x̂n
(x1, . . . , xn) =

 1/Vn x2
1 + . . . + x2

n ≤ 1 ,
0 otherwise , (69)

where Vn = π
n
2/Γ(n2 + 1) is the volume of the n-hypersphere of radius 1. If we use a simple rejection method

where we propose a value for the i-th coordinate xi taken independently from a uniform distribution in (−1, 1),
and accept the proposed vector (x1, . . . , xn) only if it satisfies x2

1 + . . . + x2
n ≤ 1, then the average acceptance

probability is ε(n) = Vn/2n, as 2n is the volume of the n-dimensional hypercube [−1, 1]n. This takes values
ε(n = 2) = 0.7854 . . ., ε(n = 10) = 2.49 × 10−3, and ε(n = 100) = 1.87 × 10−70. We see that, for n = 100,
we need to make, on average, 1070 proposals to accept one! This is clearly not useful. The method of rejection
needs to be modified in order to be able to deal with distributions like this one.
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9. Rejection with repetition

• Simple rejection methods for high-dimensional probability distributions have, in general, a low acceptance
probability – so low, in fact, that it renders them unfeasible to sample most distributions of interest.

• In this section we develop a variant of the rejection method that allows us, finally, to sample almost any probability
distribution using simple rules. The method is that of rejection with repetition.

• Of course, there is no free lunch, and there is an important price to pay when using these methods: as they
produce correlated (as opposed to independent) values of the random variables, it turns out that the error of the
estimate of the integral or sum increases with N , the number of variables.

• We will see, though, that the increase of the error with N is moderate as compared to the decrease of the average
acceptance probability if a simple rejection method is used.

9.1. A simple case of rejection with repetition

• Our goal here is, again, to devise methods to generate values xk that can be used in a sampling method in order
to compute a given integral

I =
∫
dx g(x) =

∫
dx fx̂(x)G(x) , (70)

using the estimation I = µ̂M [G]± σ̂M [G]√
M

, with the sample mean and variance defined as

µ̂M [G] = 1
M

M∑
i=1

G(xi) , (71)

σ̂2
M [G] = 1

M

M∑
i=1

G(xi)2 −
 1
M

M∑
i=1

G(xi)
2
. (72)
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For that purpose, we need to generate values xk of a random variable distributed according to the given pdf
fx̂(x).

• We propose now a modification of the rejection method, which we name rejection with repetition. The
modification is such that every time a proposal xk is rejected, instead of proposing a new value, we simply
return the value that had been generated in the previous step, xk = xk−1.

• Note that, just in case the trial at the first initial step fails, the value of x0 should have been initialized following
some distribution fx̂0(x) (e.g. a Gaussian distribution), or simply x0 = a with a some initial value. This
corresponds to taking fx̂0(x) = δ(x− a).

• Obviously, the output of this process will be a sequence of correlated (i.e. not independent) numbers: in fact,
some of them are equal along the sequence! The question is: can we still use this list of numbers in the estimation
of the integral above?. Put in another way, is it true that the series of numbers xk are still distributed according
to fx̂(x)?

fx̂(x) = fx̂(x|B̂ = 1) = h(x)g(x)∫ ∞
−∞

h(x)g(x) dx
. (73)

• As one value xk+1 might be equal to the previous value xk, we need to find the probability distribution that
governs the outcome of the kth step of this process.

• Let x̂k be the random variable obtained during the kth step. Its precise form will depend on the outcome of the
acceptance process. As there are two options, namely accept or reject, we consider the acceptance step to be a
Bernoulli variable ŷ which can take two possible values ŷ = 1, accept, and ŷ = 0, reject. Recalling that

fx̂(x) =
∫ ∞
−∞

fx̂(x|ŷ = y) fŷ(y) dy =
∑
i
fx̂(x|ŷ = yi)P (ŷ = yi) , (74)
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where we have used the discrete character of the random variable ŷ in the last equality, we thus find

fx̂k
(x) = fx̂k

(x|accept)P (accept) + fx̂k
(x|reject)P (reject) , (75)

with P (reject) = 1− P (accept) being the probabilities of acceptance and rejection, respectively, at step k.

• Now we can use Bayes theorem fx̂(x|ŷ = y)fŷ(y) = fŷ(y|x̂ = x)fx̂(x) in its discrete form to modify the first
term of this sum above

fx̂k
(x) = P (accept|x)g(x) + fx̂k

(x|reject)P (reject) , (76)
where we have used that g(x) is the pdf of proposing the value x at step k. The probability of accepting a given
value x is P (accept|x) = h(x).

• If we reject, the pdf at step k is the same as the valid one at step k− 1, that is, fx̂k
(x|reject) = fx̂k−1(x). Finally,

the acceptance probability is given by ε = ∫∞
−∞ h(x)g(x) dx, so P (reject) = 1− ε. This leads to

fx̂k
(x) = h(x)g(x) + fx̂k−1(x) (1− ε) (77)

This recurrence gives fx̂k
(x) in terms of fx̂k−1(x).

• To solve this recurrence in terms of the initial distribution fx̂0(x), we iterate to see

fx̂k
(x) = h(x)g(x) + (1− ε)

[
h(x)g(x) + (1− ε) fx̂k−2(x)

]
= h(x)g(x)

k−1∑
i=0

(1− ε)i + (1− ε)kfx̂0(x)

= h(x)g(x)1− (1− ε)k

ε
+ (1− ε)kfx̂0(x) = (1− ε)k

fx̂0(x)− 1
ε
h(x)g(x)

 + 1
ε
h(x)g(x) (78)

or equivalently

fx̂k
(x) = (1− ε)k

fx̂0(x)− h(x)g(x)∫ ∞
−∞

h(z)g(z) dz

 + h(x)g(x)∫ ∞
−∞

h(z)g(z) dz
(79)
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• Finally, recalling that the pdf fx̂(x) we want to sample can be written as

fx̂(x) = h(x)g(x)∫ ∞
−∞

h(x)g(x) dx
, (80)

we arrive at
fx̂k

(x) = (1− ε)k
[
fx̂0(x)− fx̂(x)

]
+ fx̂(x) . (81)

• Therefore, the answer to the question: are all the xk values distributed according to fx̂(x)? is, generally, NO,
as we cannot conclude from this formula that fx̂k

(x) = fx̂(x), ∀k.

• However, if the initial numbers are already distributed according to fx̂(x), that is, if fx̂0(x) = fx̂(x), then we
find fx̂k

(x) = fx̂(x) ∀k, and the numbers we obtain by this procedure are indeed distributed according to the
desired distribution.

• If, on the other hand, the initial pdf fx̂0(x) is not equal to the one we want to sample, the situation is not so
bad either. According to Eq. (81), the difference between the actual distribution at step k, fx̂k

(x), and the one
we want to sample, fx̂(x), monotonically decreases with k. In fact, as 0 < ε ≤ 1, we have the exact result,
independent of the initial distribution fx̂0(x)

lim
k→∞

fx̂k
(x) = fx̂(x) . (82)

• Imagine ε = 0.5. After k = 10 steps, the factor (1 − ε)k ≈ 10−3. If k = 100, (1 − ε)k ≈ 10−30, an absolutely
negligible contribution in most cases. Even for a low acceptance probability ε = 10−2, it takes about k = 2300
steps to have (1− ε)k ≈ 10−10.
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• Therefore, in order to ensure that the produced xk values satisfy the desired distribution, we need to discard
some steps at the beginning. This is the process called thermalization. How many steps M0 we should discard
depends on the distance between the initial and the desired distributions and the average acceptance probability
ε.

• Note that the process of generation of the numbers xk can be understood in terms of a Markov chain, since the
result at step k depends only on the distribution at step k − 1.

• It is easy to write the above recurrence relation in the form of the standard recurrence equation for a homogeneous
Markov chain

fx̂k
(x) =

∫ ∞
−∞

f (x|y) fx̂k−1(y) dy , (83)

with a transition probability density function

f (x|y) = h(x)g(x) +
[
1−

∫ ∞
−∞

h(z)g(z) dz
]
δ(x− y) (84)

The two terms of the sum on the right-hand side correspond to the two possibilities, namely acceptance of a
proposed value or its rejection.
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9.2. Statistical errors

• Remember the approximation consisting of replacing an average value by the sample mean

I =
∫ ∞
−∞

G(x)fx̂(x) dx = µ̂M [G]± σ̂M [µ̂M ] (85)

with the sample average
µ̂M [G] = 1

M

M∑
k=1

G(xk) (86)

• As usual, as dictated by Chebyshev’s theorem, the error of the sample mean is measured by its standard deviation.
However, we cannot use now the relation

σ2[µ̂M ] = σ2[G]
M

≈ σ̂2
M [G]
M

(87)

because the derivation of this formula assumes that all contributions to the sum in µ̂M [G] are independent of
each other and we know this is not the case for the rejection with repetition method.

• Let us get now a useful expression for the error in the case of correlated values. We assume that we have
thermalized conveniently the algorithm by discarding the necessary steps at the beginning and the Markov chain
is in the steady state and, consequently, all variables xk are distributed according to the same pdf fx̂(x).

• Using the definition of µ̂M [G] above and writing Gk instead of G(xk) for brevity in notation, the variance of
the sample mean can be written as

σ2[µ̂M ] = 〈(µ̂M − I)2〉 =
〈[ 1
M

M∑
k=1

(Gk − I)
]2〉

= 1
M 2

M∑
k=1

M∑
j=1

〈
(Gk − I)(Gj − I)

〉
. (88)
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• In this double sum, we consider separately the terms with k = j, k > j, and j > k. Due to the symmetry
between k and j, the last two contributions are equal and we can write

σ2[µ̂M ] = 〈(µ̂M − I)2〉 = 1
M 2

M∑
k=1

〈
(Gk − I)2〉 + 2

M 2

M−1∑
k=1

M∑
j=k+1

〈
(Gk − I)(Gj − I)

〉
. (89)

Expanding the product in the second sum, and using that 〈Gi〉 = I ∀i, we get

σ2[µ̂M ] = 〈(µ̂M − I)2〉 = 1
M 2

M∑
k=1

[
〈G2

k〉 − I2] + 2
M 2

M−1∑
k=1

M∑
j=k+1

[
〈GkGj〉 − I2]

= σ2[G]
M

[
1 + 2

M

M−1∑
k=1

M∑
j=k+1

ρG(k, j)
]
, (90)

where we have used that all Gk yield the same variance σ2[G] = 〈Gk〉2−I2, and the definition of the normalized
correlation between Gk and Gj

ρG(k, j) = 〈GkGj〉 − I2

σ2[G]
. (91)

• As we are in the steady state of a homogeneous Markov chain, the correlation function depends only on the
difference j − k ≡ i, so G(k, j) = G(j − k) = G(i), and we can write

σ2[µ̂M ] = σ2[G]
M

[
1 + 2

M

M−1∑
k=1

M−k∑
i=1

ρG(i)
]
, (92)

Exchanging the summation order, we get

M−1∑
k=1

M−k∑
i=1

ρG(i) =
M−1∑
i=1

M−i∑
k=1

ρG(i) =
M−1∑
i=1

(M − i)ρG(i) (93)
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since the sum over k could be performed as G(i) does not depend on k. We have now the final result

σ2[µ̂M ] = σ2[G]
M

[
2
M−1∑
i=1

1− i

M

 ρG(i) + 1
]
. (94)

• Let us now define the autocorrelation time τG as

τG =
M−1∑
i=1

1− i

M

 ρG(i) , (95)

We hence obtain the final expression for the variance of the sample mean, again replacing the true variance σ2[G]
by the sample variance σ̂2

M [G]

σ2[µ̂M ] = σ̂2
M

M
(2τG + 1) . (96)

• Let us stress that the only assumption in this definition is that the Markov chain is in the steady state where
variables at each step k have the same distribution and the correlations between steps k and j depend only on
the difference j − k.

• Note that if all variables x̂k were independent, we would have ρG(i) = δi,0, the autocorrelation time would be 0,
and the variance would simplify to the known result σ2[µ̂M ] = σ2[G]/M .

• In general, the autocorrelation function ρG(i) decays with i and tends to 0 as i→∞ (usually, but not always,
the decay is exponential).

• The autocorrelation time τG is a measure of the decay of the correlation function. It can be defined, loosely, as
the number of steps that are needed for the correlation to decay significantly from the initial value ρG(0) = 1.
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A more precise definition is simply Eq. (95). For instance, if the decay were truly exponential ρG(i) = [ρG(1)]i,
with ρG(1) < 1, then according to the definition (95) the correlation time is

τG =
M−1∑
i=1

1− i

M

 [ρG(1)]i = ρG(1)
1− ρG(1)

− ρG(1)[1− ρG(1)M ]
[1− ρG(1)]2M

(97)

which can be reduced in the limit of large M to

τG = ρG(1)
1− ρG(1)

(98)

Indeed, in most cases, the correlation function decays rapidly and, in the limit of large M , we can neglect the
factor i/M in the definition of τG and write τG = ∑M−1

i=1 ρG(i).

• For the rejection with repetition method explained above, it is possible to compute the correlation function. If
the acceptance probability is ε, then either Gi+k = Gk with probability (1 − ε)i (all i steps in going from k to
i + k have been rejections) or Gi+k is independent of Gk with probability 1− (1− ε)i. This gives

〈GkGi+k〉 = (1− ε)i〈G2
k〉 + [1− (1− ε)i]〈Gk〉〈Gi+k〉 (99)

which, replaced in the definition of ρG(i) above, leads to ρG(i) = (1− ε)i, which is an exponential decay.

• The autocorrelation time is independent of the function G and is given by τG = 1−ε
ε , and then 2τG + 1 = 2−ε

ε
and the correct expression for the estimator and its error is

I = µ̂M [G]± σ̂M [G]√
M

√√√√2− ε
ε

. (100)
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• Note that this is equivalent to using an effective number Meff = M ε

2−ε ≤ M of independent contributions to
the estimator. Recall that if we wanted to have the same error using a rejection method without repetition (i.e.,
trying again if the proposed value is rejected), then we would need an average number Meff/ε of proposals. As
2−ε
ε ≥ ε, it turns out that the method of rejection with repetition needs to generate more random numbers in

order to yield the same statistical error. However, we will see below that this method is the one that can be
generalized to high-dimensional distributions while keeping a reasonable acceptance probability.
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10. Dynamical methods

• Rejection methods, irrespective of whether we use repetition or not, can have a very low acceptance probability.
This is especially true if the proposal probability g(x) is very different from fx̂(x) and does not reflect the strong
variations in value that fx̂(x) might have, that is, the ratio fx̂(xmax)/fx̂(xmin). This usually occurs when we
have no clue on how the pdf fx̂(x) we want to sample looks like, a problem particularly severe and common for
distributions taking values in a high N -dimensional space, x = (x1, . . . , xN).

• Example: Consider the distribution

fx̂(x1, . . . , xN) =
 C exp

(
−∑N

i=1,j=i xixj
)
, if xi ∈ (−1, 1) ,∀i ,

0 , if xi /∈ (−1, 1) .
(101)

One might be tempted to use a rejection method in which the proposal are independent values x = (x1, . . . , xN),
each xi drawn from Û(−1, 1) or uniformly distributed in the interval (−1, 1). This proposal would be accepted
with a probability h(x1, . . . , xN) proportional to fx̂(x1, . . . , xN). We note that the maximum value of the
distribution fx̂(x1, . . . , xN) occurs for xi = 0, ∀i, and there are two equivalent minima for xi = 1, ∀i, and
xi = −1, ∀i. As there are a total of N(N + 1)/2 terms in the sums of the exponential defining fx̂(x), the
ratio between these two extreme values is fx̂(xmax)/fx̂(xmin) = eN(N+1)/2. The optimal acceptance probability
would be h(x) = exp

(
−∑N

i=1,j=i xixj
)
, whose minimum and maximum values are e−N(N+1)/2 and 1, respectively.

When N is large, it turns out that most of the proposed values will belong to a region in which the acceptance
probability is very small. Hence, the average acceptance probability is very small.

• Indeed, it can be shown that the average acceptance probability decreases exponentially with N : for N = 100
we have ε ≈ 3 × 10−8, which means that we have to propose, on average, around 30 million numbers, in order
to accept one, which is a very inefficient procedure!!.
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• How can we avoid proposing values that have a very low acceptance probability? The idea of the so-called
dynamical methods is to use the information gathered at previous proposals to make a new proposal. In this
way, when by repeated trials we reach the region in which the pdf is high, our proposals will not tend to abandon
this region.

• Let us explain these ideas using again a simpler example than the N -dimensional distribution above. Consider
the cutoff Gaussian probability distribution

fx̂(x) = C exp(−x2/2σ2) , x ∈ (−1, 1) (102)

for small values of the parameter σ. If we propose blindly values uniformly distributed according to a uniform
distribution g(x) in the interval (−1, 1) and accept this value with a probability h(x) = exp(−x2/2σ2), most
of the times we are proposing values that have a very small acceptance probability. However, when we reach
a value near x = 0 and note that there is a high acceptance probability, what we should do is that the new
proposed value is again close to 0, as we know now (and did not know before) that x = 0 is the region of high
probability.

• If xk is the value obtained at the kth step, then the new proposal at step k+ 1 could be, for example, a number
xk+1 chosen uniformly in the interval xk+1 ∈ (xk − δ, xk + δ), with δ a number comparable to σ, so we do not
leave the region of large probability. This is the basic principle behind dynamical methods.

• Summing up, in the static methods explained in previous sections, the new value for the random variable was
chosen each time independently of previous values, whereas in the dynamical methods the proposal (and the
acceptance probability as we will see) depends on the previous values of the random variable.

• In other words, in the static methods, if we denote by xn the value of the random variable generated at the nth
step, then both the proposal g(x) and the acceptance h(x) are independent of the previous values (x1, . . . , xn−1).
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As a consequence, the pdf fx̂n

(x) at step n is independent of the previous steps. More precisely, in the static
methods

fx̂n
(xn|x0, x1, . . . , xn−1) = fx̂n

(xn) , n = 0, 1, 2, . . . (103)

and all random variables xn are independently distributed according to the same pdf fx̂(x).

• In a dynamical method, both the proposal and the acceptance probabilities depend on the previous results. As
a consequence, the pdf of the random variable xn obtained in the nth proposal/acceptance step depends on the
previous values of the random variables x0, x1, . . . , xn−1. The simplest way to implement this dependence is via
the latest result, that is, take

fx̂n
(xn|x0, x1, . . . , xn−1) = fx̂n

(xn|xn−1) , (104)

defining our series of proposal/acceptance steps as a Markov chain. Again, the simplest implementation uses a
homogeneous Markov chain where the conditional probabilities are independent of the step, or fx̂n

(xn|xn−1) =
f (xn|xn−1).

• Let us now discuss the details of a dynamical method. We perform a realization of the Markov chain generating
values x0, x1, . . . , xn, . . . of the random variables. The value xn is sampled from a distribution f (xn|xn−1).
Ideally, we would like all probability distributions fx̂n

(x) to be equal to the desired pdf fx̂(x). However, our
discussion of the simple dynamical method of rejection with repetition tells us that it might be more reasonable
to demand only that the asymptotic distribution reproduces the desired pdf, limn→∞ fx̂n

(x) = fx̂(x). Our
discussion on Markov chains in the first chapter tells us that a sufficient condition for this to happen is the
detailed balance condition

f (y|x)fx̂(x) = f (x|y)fx̂(y) . (105)

• Usually (but not always), the generation of random variables distributed according to f (x|y) uses a rejection
method. This means that we propose a value x from a pdf g(x|y), and then accept it with a probability h(x|y).



CONTENTS 47
As explained, both proposal and acceptance of a number x at step n depend on the value y obtained in the
previous step.

• We now obtain the transition probability f (x|y) that corresponds to this proposal/acceptance algorithm in the
case of rejection with repetition, that is, if the value x is not accepted, then we keep the previous value y. It will
be clear in a moment why, of all possible rejection methods, we adopt this one.

• Note that the derivation of the transition pdf is similar to the explained above, but now we have to take into
account that both the proposal pdf g(x|y) and the acceptance probabilities h(x|y) depend on y.

• The transition pdf f (x|y) has two contributions corresponding to the acceptance or not of the proposed value.
Given a value y, the overall rejection probability is

P (rejection|y) = 1− P (acceptance|y) = 1−
∫
h(z|y) g(z|y) dz ≡ 1− ε(y) , (106)

where we have used the definition of the average acceptance probability with the only modification that both
the proposal and the acceptance probabilities now depend on the value y. If the proposal x is not accepted,
then the transition probability is the Dirac-delta δ(x− y), as we keep the old value y. This leads to a transition
probability

f (x|y) = h(x|y) g(x|y) + δ(x− y) [1− ε(y)] . (107)

• Similarly, we have
f (y|x) = h(y|x) g(y|x) + δ(x− y) [1− ε(x)] . (108)

• Detailed balance: Which functions h(x|y) and g(x|y) can be used? The only requirement is that the stationary
pdf of this Markov chain is the distribution fx̂(x). We enforce this by imposing the sufficient condition of detailed
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balance. Replacing f (x|y) and f (y|x) in the detailed balance condition (105), the two terms with delta-functions
are identical as they force x = y, leading to

h(y|x) g(y|x)fx̂(x) = h(x|y) g(x|y)fx̂(y) (109)

as the equation to be satisfied by the proposal g(x|y) and the acceptance h(x|y) to ensure that the stationary
distribution of the Markov chain is indeed fx̂(x).

• It is essential to return the value xn = xn−1 if the proposal x is not accepted instead of keeping on proposing
new values until they get accepted as we used to do in a standard rejection method. Otherwise the detailed
balance conditions leads to an integral equation difficult to solve for g(x|y) and h(x|y).

• We write now in full the recurrence relation of the Markov chain:

fx̂n+1(x) =
∫
f (x|y) fx̂n

(y) dy =
∫
h(x|y) g(x|y) fx̂n

(y) dy + fx̂n
(x) [1− ε(x)] (110)

where
ε(x) =

∫
h(z|x) g(z|x) dz (111)

is the acceptance probability given x. The overall acceptance probability is

ε = 〈ε(x)〉 =
∫
dxε(x)fx̂(x) . (112)

• There are a number of different solutions to the detailed balance condition in its form Eq. (105). We will focus
here on one of the most useful and widespread solutions: the Metropolis algorithm.
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11. Metropolis algorithm

• In the Metropolis algorithm, we fix the proposal distribution g(x|y) and solve for the acceptance probability.
The proposal g(x|y) is arbitrary insofar the resulting algorithm is ergodic. In particular, it is required that all
possible values for the random variable x̂ have the chance to be reached eventually by the Markov chain.

• Given g(x|y) we must find then a function h(x|y) satisfying

0 ≤ h(x|y) ≤ 1 , (113)
h(x|y)
h(y|x)

= q(x|y) (114)

where we have introduced
q(x|y) = g(y|x)fx̂(x)

g(x|y)fx̂(y)
(115)

which satisfies the condition
q(y|x) = 1

q(x|y)
. (116)

• To find all solutions of Eq. (114) we introduce the function ω(x, y) by means of

h(x|y) =
√
q(x|y)ω(x, y)⇔ ω(x, y) ≡ h(x|y)√

q(x|y)
(117)

which, when replaced in Eq. (114), requires the symmetry condition ω(x, y) = ω(y, x).

• Condition (113) is more delicate. A possibility is to demand that ω(x, y) depends on x and y through the
function q(x|y), i.e. ω(x, y) = ω[q(x|y)], with the symmetry condition ω(x, y) = ω(y, x) being equivalent
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to ω(q) = ω(1/q). The requirement (113) then leads to 0 ≤ √q ω(q) ≤ 1 or ω(q) ≤ 1/√q, from where
ω(q) = ω(1/q) ≤ 1/

√
1/q. We are looking then for functions ω(q) satisfying

ω(q) = ω(1/q) , (118)

ω(q) ≤ min
√q, 1

√
q

 . (119)

• The first solution is the one given by Metropolis et al.

ω(q) = min
√q, 1

√
q

 . (120)

It satisfies trivially ω(q) = ω(1/q). For the other condition, we take separately the cases q ≤ 1 and q > 1. If
q ≤ 1, the ω(q) = √q. For q > 1 we have ω(q) = 1/√q ≤ √q.

• The previous choice hence leads to one of the most widely used solutions of the detailed balance condition.
Recalling that h(x|y) =

√
q(x|y)ω[q(x|y)], we find

h(x|y) = min [1, q(x|y)] . (121)

• The second most widely used solution is that of Glauber

ω(q) = 1
√
q +

√
1/q

(122)

which trivially satisfies the conditions above. In terms of the transition probability, we have h(x|y) = q(x|y)
1+q(x|y) .

• Another solution was used later by van Beijeren and Schulman. It is simply ω(q) = C, a constant. The constant
has to be chosen such that C ≤ maxx,y

√
q(y|x), in order to fulfill the condition h(x|y) ∈ [0, 1].
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• A simple example: Gaussian distribution. We consider the following random variable x̂ whose pdf is Gaussian:

fx̂(x) = C exp(−x
2

2
) . (123)

The normalization constant C is irrelevant for the Metropolis algorithm.

• We take the following proposal probability:

g(x|y) =


1

2∆ , |x− y| < ∆ ,

0 , otherwise .
(124)

In other words, x is drawn from a uniform distribution in the interval (y−∆, y+∆). The constant ∆ is arbitrary
for now, but later we will determine which is the best choice for it.

• Obviously, the proposal satisfies the symmetry condition g(x|y) = g(y|x), so the function q(x|y) is

q(x|y) = g(y|x)fx̂(x)
g(x|y)fx̂(y)

= exp
y2 − x2

2

 . (125)

• We now need an acceptance probability h(x|y). We will use Metropolis choice h(x|y) = min[1, q(x|y)]. In our
example:

h(x|y) =


1 , |x| < |y| ,

exp
(
y2−x2

2

)
, |x| > |y| .

(126)
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• As usual, the acceptance step is a Bernuilli process with probability q. We draw a Û(0, 1) random number u
and compare it with q. If u ≤ q, we accept the proposal. Note that if q = 1, the proposal is always accepted
and there is no need to spend time drawing a random number and comparing it to 1. The algorithm can be
summarized as follows

1 Given y, propose x uniformly from (y −∆, y + ∆).
2 If |x| ≤ |y|, accept x.
3 If |x| > |y|, accept x with probability q = exp

(
y2−x2

2

)
. If x is rejected, return y again.

• The program could look like this:
! Metropolis algorithm to sample the Gaussian distribution
double precision function ran_gauss_mc(y,delta)
implicit none
double precision :: x,y,delta ,ran_u
x=y+delta *(2.0d0*ran_u ()-1.0d0)
if(abs(x) > abs(y)) then

if (ran_u () > exp (0.5d0*(y-x)*(y+x))) then
! Reject. Do not accept the proposed value. Keep old one.

ran_gauss_mc=y
return

endif
endif
y=x
ran_gauss_mc=y
end function ran_gauss_mc
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